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FOREWORD \

The Georgia Department of Education is constantly alert to the.curricular changes which seem desirable as
a résult of studies and. experiments in various fields. A committee was appointed in 1969 to rewrite the
mathematics curriculum guides for the elementary schools incorporating findings from current curriculum »
studies in mathematics. : E

' ]

This committee was composed of rural and city public school teachers and supervisors, college ‘teachers and

one out-of-state consultant who is nationally known in mathematics education. They looked at the nation’s

best programs in mathematics education. They considered creative, ideas of teaching which fit tg}e age of

space but which are as fundamental as adding two and. two. They recognized that mathematics is an

essential part of life itself and is a daily necessity frﬁil people. The committee, taking' the position that
d

mathematics instruction is a process of initiating and Trurturing understanding, felt that it would be neces-
sary to discover techniques for accommodating the differing rates at which children develop.
- .

>
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LETTER TO PRIMARY GRAJ)E TEACHER

This guide-has been written to assist You in lmprovmg thfntcachmg of mathematics in the pnmary grades. The committee and
I have worked diligently for several years preparing this material and trust that the format is arranged so that it will be u{eful

to you.
- : ~N

The guide has been organized around six central. concepts called strands. They are entitled (1) Sets, Numbers and Numera-
tion, (2) Operations, Their Propernes and Number Theory, (3) Relations and Functions, (4) Geometry, (5) Measfrement (6)
Probability and Statistics. These' strands include the major mathematical concepts which- undergird an updated mathematics
program for children. "ﬂ}f concepts are threads running through the cumculum and are.expanded and enlarged in a spiral

'approach @ ‘ S s },

Q
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Each strand is 1ntr0duced in terms of bread performance objcctxves which. the teacher can make more specific by adapting
hém to the needs of particular children. There are one or more activities keyed to each objective. The list of objectives for
£ach strand is placed at the end of the strand on a fold-out sheet. This allows the teacher to view the objectives as he selects
activities to implement specific objectives. These dctivities are not syfﬁuent to achieve the objectives. They are suggestions of
kinds ofexpenences whick will help reach the objecnves\ ‘ . N
The strands on Probability and Statistics and on Relations and Functions are included particularly because of new ideas in
elementary school mathematics. It is hoped that teachers will accept the challenge of new topics, different approaches and
experimental aCtivities as a means of extcr}dmg the splral learnmg of mathematics for all pupils according to their potential.

Al

There are separate sections in the guxdeﬁhmh deal speﬂﬁcally with proce!scs Problem solving is considered a part of all

mathematics and therefore is emphasized in a cross-strand approach. Computation, also, is viewed by the committee as
permeating ail strands, and the related section is intended o give detailed development for especially difficult procedures.
Problem solving is thinking through, and computatlon is the marﬁpulatlon of various symbols and terms used to express these
thoughts. .

Other sections are included to facilitate use of the guide by the teacher. While not prescriptive, the content and methods
identified throughout the guide are of increasing importancg in a contemporary mathematics program. The section on media
lists instructional aids, and the usé of aids is suggested in thp activities of cach strand. The correct use of the materials will
help in the achievement of the objectives. Teachers should realize the importance of teaching children correct vocabulary and
correct 'use of symbols. A glossary for the teacher is included to provide definitions which can be simplified into children’s
language. Worls o used in daily commufication, particularly some geometric terms, have a different meaning when
considered “mathematic ly. Symbols are to be understood as a means of stating problems and recording results after
meamngful experiences thh physical models of mathematical pnnc1plcs .
. ' N
The teacher, guided by the objeg:tives in cach strand, should endeavor to determine those topics and activities most appro-
priate fot realizing the objectives for the particular children being taught and should correlate these ideas with those in texts
and other available materials. Afte&a strand has been presented, the teacher should evaluate in terms of the objectives using
instruments constructed for this ghrpo Sample instruments are included in the Evaluating Pupil Progress section. In the
bibliography are suggested m¥ateri§ls- dcs&ed to help implement.achievement of the objectives. Early selection and purchase
of matenals for the library, a grad@evel or an individual class will insure access {0 books when needed.
o

Inservice programs for those who keed help with the new ideas will result in a more Lompctent faculty as well as increased
knowledge on the part of the chiMren. Assistance in improving local programs may be found in the section (onunumg

Oy /M ?

ladys M. Thomason, Coordinator
Mathematics Education .
- : Georgia Department of Education

Program Improvement.
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POINT OF VIEW - .

Curriculum planning is a continuous process of updating contént, improving méthods, analyzing' objectives, measuring
learning and appraising attitudes. The guide, Marhematics for Georgia Schools, is to help local curriculum committees and
teachers of mathematics to identify the content, procedures and materials which will s¢rengthen and ensich the mathematics
educational program fok the elementary.school children of Georgia, and to measure .thcl-effectiveness-of the program. '

LY —— s .

In the guide objectives are stated in behav.ior"a} terms. Local curriculum committees may find it helpful to state more specific

Wctives. The activities support the theory that learning is experiencing. The.objectives andactivities are organized into six
strands written for primary grades and,uppe]/grades. . < Co

-

The ordering of the strandsﬁn the guide does not imply the ordering of f)rcsentation of subject matter; that'is, one stranaj

need not be completed (ot even begun) before*proceeding to another. The volume of material on different topics does not
imply that one is more irhportant than the other. Topits especially difficult to present and those not gcnrerélly/covgred in
currently available textbooks are developed in niare detail. Individual teachers will need to make appropriateé choices
according to the needs of their pupils. ~
: . b4

One strand which has emphasis is Relations andRunctions, since most of mathematics involves relations between numbers
andfor geometric figures. Singe relations and functions are unifying concepts in mathematics. children should be encouraged
to think in terms of them, B ) ' ' ’

The guide does not testrict gedmetry to naming shapes and measuring them. Emphasis in geometry is placed on the relations
between point sets such as has the same shape. parallel 10 and congruent to. The activities enable children to work with
materials in order to learn these relations for themselves. !

.
'
N

The .emphasis on sets in this guide endorses the concept that the language of sets is a powerful tool in comfunicating .

mathematical ideas and can be used both to organize and describe. s
Al

. \ .
l : A . .
Evaluation is a continuous and integral part of the successful elementary school program. The techniques of evaluation must

include procedures for appraising interests and attitudes as well as skills and understanding' + -~

\

Perhaps the one factor most essential 1o theFsuccess of the mathematics curriculum s understanding. To promote under-
standing a distinction is made between operations and computations. An operation is an assignment.of a'single number to an
ordered pair of numbers. Computation is a process of manipulation of numerals by which one determines a name of the single
number assigned to the ordered pair of numbers. The need to find a more efficient and enlightening method of instruction
has led to the conclusion that clear understanding of essential mathematics concepts must precede, but certainly not
supplant, the traditional point of emphasis, computation.
[ - ’ - ) ‘ )

it mathematics instruction is viewed as a process of initiating and nurturing understanding. it will be necessary to discover
techniques for dccomnmdatipg the different development rates of children. Children develop concepts’of mathematics from
their experences with physicnul objects. This guide is designed to help the teacherexercise protessional judgment in adopting a
mathematical program cempatible with each child's ability. X

‘-

’



CONCEPTS ACCORDING TO STRANDS
Sets, Numbers anﬂ Numeration |

Operations, Their Properties ‘and Number Theory

A

Relations and Functions
. Geometry
4 ’ ’ ) )

, Measurement - .,
4

Probability and Statistics'

~
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‘mathematical ideas with clarity and precision. In fact, the fundamen

l\‘/‘ : ) . . . -

SETS, NUMBERS AND NUMERATION

INTRODUCTION
. . . P

The concept of a set is a useful tGol in the study of mathematics) and the language,of sets enables one to communicate
le concept of whold numbers is based on the recognition

of classes of (finite) sets. For example, there is a class of sets which can be placed in one-to-one correspondence with the set

of fingers ongone hand. The members of these scts may be big things or little things, animal, vegetable or ineral; yet they.all

have one property in common  five. To understand what five means, then, is to recognize any sct having this property.

Counting is a process of determining the whole number property, or cardinality, of finite sets. It is lmpon’(ant to realize that,

counting techniques are doveloped slowly: It is not sufficient that a child be able to recite number words in order. He must

also he able to establish a one-to-one correspondence between a set of number words and a set of objects and then realize that

the last-named number in the correspondence is also '(hc cardinal number assigned to the set,

The place value scheme used in recording numpers greater than nine is an arbitrary convention and the basis for computa-
tional algonthms which children are expected to learn, Many of the difficulties which they have with computation_is due to
not understandi ing the convention, or coding scheme, called the decimal numeratio® system. For that reason, it is suggested
that young children-bé provided many first-hand experiences with bundling concrete objects, such as popsicle sticks or tongue
depressors, and then counting the bundles and singles. Such experiences should precede or, at least, accompany their learning
to read and to record the count ot tens (bundles) and ones (singles) — that is numbers greater than nine. Although early
school experiences do not include computations with numerals of two or more digits, it is suggested that primary grade
teachers examine the seutlon on Difficulties in Computanon in order to understand how chk('ircn use place value in later
grades. . . i 4 . . , . .

, Parncular attention should be grven in the primary grades to applications of whole numbers in which ordered pairs are
used to quantify or tell the number story of certaln kinds of expetiences. For example, children use ordered pairs of whole

numdbers in all of the following contexts.
4

A position context. in which the pair 2 and S are used in the ordinal sense; written ““(2,5)" and read “2nd and Sth,”
the pair indicates a child’s location in a seating chart — that is, the 2nd row, Sth seat.

A rate context, in which the pair of numbers 2 and S, written % and read “2 for 5,” tells a rate of exchange of
balloons for pennies. .

Al

A date context, in which the same pair used again in the ordxqal sense, written *“2/5”" and read ‘‘February the Sth,”
identifies a particular day in the calendar sequence. *

A solution context, in which thg{pair 2 anzi S.written *(2,5)” and read **2,5,” is an element in the solution set of the
open sentence (1+ 3 = A, s

A point-in-the-plane context, in which the same pair, written **(2,5)" and read 2,5 " is-associated with a poiqt in the-

coordinate plane, as illustrated here.

>




~
N .

n

: . '
A 1atio context, in which the pair, written * (" and read “2 ta 5" expr?ﬁs the'ratio of the number of hqlidays to

the number of schodl days in a particular week
' i . . 2 " . LA 1Y " i
A.fraction context, in which the same pair; written 3" and read “2 out of 5 “2 over, 5" ar "2 ﬁfths'rs
. Lo
.

associated with a particular partitioning of-units as lllustrated helow,
>

' 2 parts out of S parts in a unit strip. .
A . *

-

2

2 parts out of S parts in a unit disc

‘

,éelements out of S elementsin a unit set

’

)
The use of ordered pairs in the tatter context is introduced in this strand and is the basis for the dev;lopmen‘ of
concept of rational nurqhers_ i . . . ‘
. / ’ 2 N
It is important tosote that the meaning of the symbols “(2 5)" or* 3 " for the ordered pair of whole numbers 2
is dependent on the context in which the pair is used. All of the contexts lndlCdth in the examples should be trcatcd i

elementary school. Teachers should see other strands, in particular, the strand on Relations_and Functions for act

involving other uses of ordered nunvber pairs.
° o . . ~ .
Whole numbers are also used in the context of direction ftonwsome arbitrarily selected point or position. For ingtance
4 L) I ding,'!
ivities for the

young children use expressions such as *2 degrees below zero,” *3 places to the right’” or “5 steps up from the stair lary
nd be

etc. Primary grade teachers can capitalize on these verbal deseriptions of experiences and provide readiness activities
development of the’ concept of integers. Certain basic readiness experiences can begin even in the kmdergarten §

expanded throughout the grddc

o
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SETS, NUMBERS AND NUMERATION

v, . ~ i

ACTIVITIES ° s

.

to

Y
v

Ask children to find and describe verbally mllcctmm of objects in the ddswo(\m such as the
+ following. . ‘ : .

~

set of dishes on the table . )
~tray of milk cartons < ' s
“bag of marblgs . . o
.box of crayons ) ' -
_. Set of dolls in the doll house ' ” o
sack of blocks : . :
set of boys in the first row .

Note that many different words are used to designate collections or sets. In developing a language
of.sets one needs to differentiate between the collection and the objects in the set. A box bf
crayons is different from.th'e crayons, A bag of-marbles is different from the marbles. .

Have in plastid bags a collection of objects such as an airplane, #boat, a car; % motorcycle. Have the
child identify the members of the set. Have bhe plastic bag identified as the set holder. Remove the
objects from the bag, and ask the chp]dren what’is in” the bag. When they reply “nothing,” ask what
one says a bag is when there is nothing'ih it. Some child will reply “empty.” Say, “When we-have

the set holder empty, it tepresénts the empty set.” The empty set may be represented as

{ “{ ‘or the set holder with no members. .

hd »

N . L]
Objects mentioned in activity 2 may easily be separated into subsets such’as ‘the subset of objects
which travel in the air, the subset ofobjects- which travel on water, the subsets which travel on land
and other types of subsets according to the number of wheels, no wh'ccls wings, no wings, etc. Help
the child seec many subsets of the original set.

v

Have triangular, circular and square discs of three or more colors. Have the child group this set by
using yarns of various colors to show'subsets of the original set such as the set of triangular shapes,
the set of circular shapes, the set of square shapes. Other subsets of the original set may be made by
sclecting all discs of one color. then all of the second color and so forth. '

Have the child’s name written on two objects such as a flower and a flower pot. Have the flowers

placed in sume place where cach child can match his name on the flower with his name on the °

flower pot. In mdtching these one-to-one the child not only learns to read his name but learns there
is one flower for each flower pot. He can also learn to tell if there are pots with flowers missing for
absent children. This process gives him experiences with the relations more than and less than as
well as one-to-one correspondence. (Yellow jackets or bees and hives may be used in place of
flowers. Butterflies and flowers, dpples and leaves or seasonal objects may be used.)

Many 3c(ivivties of matching one-to-one on félt board or using real objects need to be fised. Supply a
third object to be matched to the first two (as.add to the fldwer and flower pot a-bee for each
flower) as readiness for the transitive property of one-to-one correspondence. If t'nerc is a flower
for each flower pot and a bee for each flower, is there a bee for each flower-pot?

1y \
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6. “The child '\f;‘ams the language of counting through counting rhymes, singing number songs and
finger plays. €eunting words are learned in order by rote. © - :

7. Early, the child copies peg, bead or other patterns so that he sees one as a group of one, and two as
a group containing two, etc. Pegs may be copied from a fuil pattem as the following.

o -ooooo.'o"o

(2
o o e .
T 010100, E% .
’ OOOOO® ®

After the child becomes aware of patterns he completes patterns seeing only thc\geginning rows
such as the following. \\\

.@oo.oooooo . -

@@o cecscscvee
4 i @@@ooooooo

8. The child learns to count by the comparison of sets. Given a set of three or four objects, the child
constructs sets with one less or one more until he reaches the empty set on the lesser side. The child
then orders the sets from the empty set to the largest set and orders the numbers associated with

the sets, He assigns the Wned by rote to the sets having that number of members. By .
tis

0,0/0,00.0
0,00000X
0,0,0, 0K

« 09
[ ]

(0.00,0/0X I
00O RRE

ordering the sets the stud to answer questions such as the following.

Four is how many more than three?
Four is how many more than two?
Four is how many more than one?
One is how many less than four?

One is how many less than three? etc.

The concept of betweenness is developed by questions such as “What set is between the set of one
and the set of three?”

9. As the child progresses. toward the abstract he needs help with counting a fixed set of objects, such
“as a set of pictures on a page. To make this transition, the child places movable objects (as
counters, chips, bottle caps) on the pictures on the page. Through a one-to-one correspondence of
counters with pictures, the child recognizes the cardinal number of the set of pictures on the page
~ " _to be the same as the cardinal number of the set of counters.

10. _.Thc, child develops the idea that the number that is one more than the preceding number is the next
" _consecutive number in counting by ones. If a blank number line is presented to the child so that he
* can place a card with a picture on it in the first space and one in the second space, he can see that

.~ the set of pictures is two. s .

i -




obj.
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obj.

When three pictures are placed along this line in the first, second and third position, the last
number named in counting is the cardinal number of the set. By placing a 3 in the third position
the idea is conveyed that these three spaces make a set of three. Another form of presenting a
beginning number line is to have a line of ‘numerals with a set of objects associated with each
number hanging| from the leck containing the numeral as illustrated here.

~

9110

- ot

-0-0- W

*-0-0-0{ &
‘ -zt A
| -0-0-0-0-0-0-|
*0-0-0-0-0-00{®
o- Py
"0-0-0-0-0-0-0-9

. The child walks along a line putting a mark where he put$ his foot as he steps. As the child begins

he is at the zero point. By the point where he puts his foot for the first step, he places a one, where
he steps the second time he places a two, etc. The result should be a line like this.

v ’

begin step step step * _ step
O—] 234

3

The child sees that the first step is from O to 1, the seco‘nd 1 to 2 and thlrd 2 to 3. These points
become points on a number line. -

0

A’

o T w2 3 3 5

The teacher should be tareful to see that the unit from 0 to ! be equal to the unit between each
pair of the succeeding numbers. Repeat this experience using toy models of a rabbit, grasshopper,
frog, jumping along the line, until the child recognizes that the points of landing form the set of
numbered points. o

Once the child has learned to order the numbers from one to nine, he is introduced to the numerals
and number names for ten, twenty, thirty, forty, fifty, sixty . seventy, eighty, ninety. |

Using bundles of ten, or a number frame, the child should realize that these names are used in
counting by tens. One group of ten is ten, two groups of ten are twenty, three groups of ten are
thirty, When the child reaches ten groups of tens, he should recognize that he has no symbol for 10
tens. Here the teacher supplies the name “one hundred.”

Have the child place ten ob]ects (sticks, toothpicks, strips of cardboard or other objects) in bundles
and count the number of bundles The child should be shown that the coding system requires that
the count of ones is recorded on the right of the numeral and the count of tensisrecorded to
the left of the ones. That is, ten is written “10” meaning one bundle (ten) and O singles (ones).
Eleven, 11, then is one ten and one one; twelve, 12, is one ten and two ones, etc.

The child demonstrates that twenty-three is two groups (bundles) of ten and three singles. The
child is required to place bundles and singles so that the tens are on the left and the singles on the
right. This collection is called “two tens and three ones™-and recorded, {23.”

The above exercise should be repeated until the child has no difficulty in demonstrating two-place
numerals in bundles of ten and singles.
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15. The child counts random objects on’a page by circling groups of ten and records the number of

167

groups and the number of ones. -

’

Example

. ' three tens and four ones
$ : : 34
, Ty i AV

Provide many simil%r activities. .
Have the child demonstrate the meaning of the symbol “54" as five tens and four singles by

showing 5 bundles of ten and 4 singles. At a semi-conerete level he may draw bundles of ten and
singles as shown.

@ooooooD
FP KT XTI
: FHELLLIR 177/ @eccccssed coee

*(@e0000000 >

. The child may exhibit some awarenesses of ordinal uses of number which occur in out-of-school

activities. For instance, in playing games children often use expressions such as, *“I go first. You go
second. He goes third.” The teacher should build on pupils’ experiences with ordinal ideas. In
classrooms where desks are arranged in rows, the teacher may ask questions such as *“Who is sitting
in the second row, third seat?...the fifth row, first seat?”’ After class discussion of the ordering of
rows in a classroom and the ordering of seats in each row, the teacher could sketch a seating chart
on a large card, using only the ordinal number pairs in the cells of the chart as shown here.

151,6th [2nd, 6th|3rd, 6th [4th,6th]|5th,6th

151, 5th [2nd,5th |3rd,5th [4th, 5th{5th,5th

1st,4th|2nd,4th {3rd 4th |{4th4th |5th,4th
131, 3rd | 2nd,3rd|3rd,3rd |4th,3rd |Sth, 3rd
13, 2nd|2nd 3rd,2nd |4th,2nd|5th, 2nd

151,188 [2nd,1st |3rd, Vst |4th, st {Sth 158

The f()llowing day. the teacher should use the seating chart to call the roll. As he calls out the
ordinal number pair “*4th, 3rd,” the child occupying that seat would stand to respond, “Here,” or
“Present.” The teacher could vary the order in which he calls the roll. For instance, one day he
might call the ordinal number pairs along a diagonal such as “(1st, Ist), (2nd, 2nd), (3rd, 3rd), (4th,
4th). (5th, 5th).” Another time he could call the pairs, “(1Ist, 6th), (2nd, Sth), (3rd, 4th),”" etc. An
alternative would be to call the child’s name and have him respond with the ordinal number pair
which identifies his location.

In all primar}/ grade classrooms there are displays or charts which offer opportunities for children
to learn ordinal uses of numbers. Page numbers, room numbers, house numbers, car tags and
calendar dates are only a few of the many instances of ‘the ordinal use of number which teachers

_may take advantage of to introduce and .develop children’s understanding and skills in the ordinal

use of numbers.
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18. Chocse some physical model of a unit such as an apple, a circular cardboard or felt disc or a sheet

19.

of paper, and say to the class or a small group of children,
: )

(for“apples) “Ham going to slice-this apple’like this.'¥
(for disc) “‘F am going to cut across this disc like this.”
(for paper) “I am going to fold this paper like this.”

After partitioning.the model in s5ome way by slicing, or cutting, or folding so that thefe are two
pieces of the same size, ask, "‘Howany pieces do you see now? Count the pieces.” After the
children have counted and reported that there now are two pieces, write the numeral 2 on the
board (or a large card so that all can see). Then hand one of the pieces of apple to a child, have a
child shade one of the pieces of the disc or have a child color the paper region on one side of the
fold line and ask, -

(for apples) “How many pieces of the apple did I hand to John?”
(tor disc) ‘*‘How many pieces of the disc did Mary shade?”
(for paper) ““How. many parts of the paper did Susan color?”

After the children have responded, ““One piece’ or *‘One part,” write the numeral “1”> on the board
(or card) so that the two numerals look like 1,2 or %

N

Read the numeral pair “one comma two” or “one over two™ and say, “This pair of numbers tells
the number story fb{ what we have just done.” o

, . , N\
(for apple) “The number ‘2’ is a count of the.pieces of the apple we sliced, and the number ‘1’
is a count of the pieces we gave away.”

(for disc) “The number ‘2’ is a count of the pieces of the disc we cut, and the number ‘1’ is a
count of the pieces we shaded.”

(for paper) “The number 2" is a count of the parts of the paper we got by folding, and the
number ‘1’ is a count of the parts we colored.”

The teacher, working slowly and carefully with the children, shotﬁd repeat these kinds of activities
many times. The physical acts of cutting, separating, folding, partitioning oftbknodels should be
done by teacher and children in the class. In first experiences with ordered pairs of coaming
numbers. it is suggested that the teacher not use precut or pre-partitioned models. The physical a\c’t
of partitioning should be part of the learning activity.

Note that the word *“‘divide” is not used to describe the act of partitioning a physical thing. Why?
The word “divide” should be reserved for classroom use in talking about the operation of division
on numbers. |
Repeat activity 18 with many different units in many different settings in which children assign
ordered number pairs through (a) counting the number of pieces of parts or regions of the same size
into which a unit has been separated and (b) counting the number of pieces or parts or regions
which have been shaded or colored or given away or retained or whatever. As the children develop
the concept of the counting numbers through 8, work with developing the concept of ordered pairs
of counting numbers such as 1 3 ] 3

2 1 3 1 2 9 2

2 \2!‘"V3‘_1y'2)—4—y4)7)_5' —5_)5‘
4 5 L 2 3 4 5 6 1 2 3 a Y 6 78
§$ 5% %6 %66 G F R ERAEEF OB

As children develop the concepts of larger numbers, introduce partitioning units into ten parts and
twelve parts and naming the associated number pairs.

. ALY N
Provide children with fraction makers by cutting strips from sheets of paper. Give each child a strip
and direct him to fold along a line so that the ends of the strip fit together. Then fold out and color
one region. Write the pair of counting numbers which tells the number story that goes with that
strip. ‘

Lo
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Gwe each child ‘4 second strip and direct him fo fold .he strip as in the lllus(mnon below. This,

activity will involve some trialund error.of the part of the child. The teacher will "demonstrate with
a strip; however, let each ¢hild work with folding until he has accomplished the ﬁmng, together of
the parts of the smp Then have him unfold and color one region.

.

C 1 el Jue BZ

)

Then have hitm write the number story that gpes with that strip,

Contimue having the children told strips until on cach child’s desk there is a set of strips as pictured.

7 B 1 1]
Y 7 111 1]

N =

Then ask. “What do you notice about the colored parts of the slrlps’.’"

As the children respond, write on the board their statements. Suppose one child responds, “This is
bigger than this.” Write it down and ask another child it he cap show thaf¥ne first word * ‘this™ is
bigger than the second word “this,” The necessity for names ot “this™ will arise, and then you can

write -' and -1 in their respective places.
X ;

¢
This|is bigger than jthis |,
is bigger than
. | 1, 1, 1 2 3
Also children may notice that one 3 and two  7's make three 73S or and 5 make 3.

cte. The teacher’s continued encouragement ta the children to talk about what they see can provide
the first intuitive recognition of relationships among fractions. The encouragement to use number
names for talking about pieces will help to develop the language of fractions. However, one must be
caretul not 1o insist on mastery of facts about fractions until children possess the concept of

iehon.

Rep.d actvity 20 except let the strips be of different len?th or width. The teacher needs to
provide many cxperiences ‘with partitioning different physical models of units and naming or
writing corresponding number pairs. Thus, over a lang period of time, the child abstracts the idea of
ordered number pairs as fractions without regard to any particular model.

To provide inttgl experiences and practice m working with ordered number pairs in the rate
context, it may be gdvisable to begin with children’s expenences in buying for themselves, as in
buying bubble gum or ballons or pencils.

Have them make signs for a variety store or grocery store display. The teacher could provide a tray
ot balloons or pencils or wiapped candy mints for which the children must prepare the signs, such

N 1 1 . . .
s Loor s 0r .which ells the corresponding rate stories.
Ay 1 -

k2



ERIC

Aruitoxt provided by Eic:

Early expen’énces in‘:'assouiating ordered number pairs with partitioning sets should develop slowly
and carefully in order to avoid confusmg rates and fractions. For 1nstance say there are six children,
four boys and two girls, in the first row. The ordered number pair, —; which tells the ratio of.the
number of girls in the-set to the number of boys in the set is a rate. Whereas, the order number pair,
'6' , which tells the ratio of the mimber of girls-mr the set to the number of children in the set isa
fraction. In developing fractions associated with finite sets of objects, start with*some physmdl
model of a unit set. For instance, choose a set of 3 balls with 2 of them rubber balls and 1 of them
a wooden ball, a set of 3 children with 2 of them boysand 1 of them a girl or a set of 3 crayons
with 2 reds and 1 blue, and say, “How many members do you see in this set? Count the

members.”’

It is important that the teacher’s language be informal, but it rhust at the same time suggest that the

class is considering the pieces of a unit set. The initial partitioning of the unit set into equivalent

pitces is inherent in the tabulation of the members of the set, opposed to the folding or cutting of a

cardboard unit of some kind in order to create pieces. After the children have counted and -
responded ““3 members,” write the numeral *“3” on the chalkboard. Then ask, as appropriate, “‘How

many balls in the set are rubber?”” “How many children in the set are boys?” “How many crayons

of the set are red?” .

After the children have counted and responded “two,” write the numeral “2” on the board so that
the 2 umerals now look like (2, 3) or ; Read the numeral pair as “two comma three” or

“two over ‘three” and say, “This pair_tells the number story of what we have just been talking
about. The number ‘3’ is a count of th& members of the unit set, and-the number ‘2’ is a count of
the members in a part of the unit set.

These kinds of acti‘{ities should be repeatzd many times, with the emphasis on the unit set andra
subset of the unit set. The corresponding\ number pair tells, in order, the count of members of
pieces in the subset :Wthe count of membe'rs or pieces in the unit set.

After experiences with sets of physical objects children may work with a chart as follows.

Partition of Number of Pieces Number of Ordered Number

Unit (Set) in Unit_Set Pieces Shaded Pair (Fraction)
om/ | 2 :
- N 5
8 S -
i 8
X 4 1 ;lf
2 0 4 .2 3
B | 2 1 s
De D 5 ) 2
z

Conéidé{r the purchase of chocolate mints which sell for 1 for 2 cents.

\ . N,
\ \

\

®®

1
The ordered number pair is 2.
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Pose the problem, *Suppose you buy 2 units. How many pennies will you need? What number pair
tells that rate?” -

The ordered number pair is 7 . \ \p.v%
Ask the question, ‘‘What can you say about% and% ¥’ “Do they tell the same rate?”

Other experiences with rate may involve comparisons such as ‘“‘the rate of the number of boys to
the number of girls on the first row” or “‘the rate of the number of dol's to the number of doll
beds’ or “the rate of the number of pens to the number of pencils in one’s school bag.” Q

| 2
For the young child, ordered pairs of numbers such as 3 and 3 are closely related to physical
models and in this context are associated with qufte different partitions of units as depicted here.

Partition of Number ot Pieces Number of Pieces Fraction Name
Unit Set in Unit Set N Shaded
® O 2 1 >
22 : : ;
m I ‘
’ 7
- ¢
B B 4 2 2

Note that nnd? in the flrst two examples in the chart tell the number story for quite different
situations. It is suggested that no attempt be made to teach that~ and are equivalent number
pairs in this partition or similar ones of sets. In the last two examples the number palrs again tell
the number story of different ,Ways of partitioning physical units. Thus,—; and tell different
number stories. In the latter case however the teacher can provide experiences from which chil-
dren begin to abstract the notion that 1 and 2 are associated with equivalent amounts of a
physical unit. Therefore, one agrees to say that _; and i_ are equivalent fraction names; note that

one does not say—; is equal to% .

i

Provide many experiences in which children manipulate physical models as follows. Use paper strips
as in activity 20. Each child has several paper strips, all of which are the same shape and size. Ask
the children to fold a strip once so that edges meet, unfold and shrade the piece of the strip on one

side of the fold. Write the number story.

Then have them take another strip and fold so that edges meet. Then fold again so that those edges
meet, unfold and shade the two pieces next tb each other on the left as shown in the diagram. Write

the number story.
. . =7
27
Vi
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Say to the children, “Now match the finished strips. Put the strip with 2 pieces shaded over the
strip with 1 piece shaded. What can you say about the shadled parts of both strips? If you cannot
see both strips that way, try putting one just above the other like th;s

4 ' . y L3 .
Now what can you say about the shaded parts of the two strips?” As they respond to the question,
record their statements on the board, encouraging them to use the number pair names, as in the
statement, “—: of that strip matches Z of this strip.”

A second unit model might be a circular side of heavy paper which they can cut into pieces. Each
child should have at least two discs of the same size. Say, “Fold the disc so that the edges meet.
Now unfold. Shade the part on one side of the fold. Cut along the fold. What number story can we
write for the shaded piece?”

O

Then, “Now take the other discs and fold as before. Then fold agag/(o that the edges match.
Unfold and shade two of the pieces next to each other. Cut along the folds. Now what number
story can we write for ¢ two shaded pieces?” g

Qu o (B B

“Now see if- you can match the shaded piece from both experiments. What can you say about the
tv\so pmrs;and; 7" Perhaps the children will say, “We shaded the same amount of paper,” or
“a matches— " Record their statements, and encourage them to search for and talk about how the
two expenments were different and how they were-alike. There should be many similar experiences
with folding, cutting or partitioning units; shading, coloring or marking pieces; and matching the
results in order that they eventually believe that 'of any unit in some way matches 2 of the same
or equivalent units.

/

In the primary grades perhaps children are likely to abstract the following equivalences among

number pairs. il
2,4, 8
376 12

1,2, , 4, 6 1,2, 4

2 4 8 12 3 6 12
6 12

The first expenences that the primary child should have with directed numbers should not require

the assignment of *S or 7S to a situation. He should use words like gain, loss, above, below right

and left to describe directions.

w

ENEN
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o
\-WQ/
~N

When the class is divided into two teams for any activity in science, social studies, spelling, etc.,

_have the children refer to a correct answer as a gain and an incorrect answer as a loss. Instead of

keeping score by adding a point each time a correct answer is given, let each team start with SO
points. The scorekeeper can then add I point for a gain and subtract 1 point for a loss. Encourage
the child to use the words gain and loss.

11
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In the study of weather, an activity that the children might enjoy would be to write on the board
15 or 20 dates from varying seasons. Write temperature readings for the dates. Include readings
below zero, for example, September 8, 70°; October 15, 62°; December 5, 32°; January 30, 0%
February 5, 6°. Write this. 1nf0rmat10n on slips of paper, and have the chl]d draw a date out'of a

box and fecord the temperatures. A class discussion could then follow the activity with the teacher

asking questions like, “Who had the lowest temperature?” andl,*‘Who had the highest temperature?”’
This”would certainly give the teacher an opportumty to dnscuss temperatures represented by

negatwe numbe rs.

o
s R

Have the child play a game using an elevator in a building that has 4 basement floors and 10 stories
above street level. Let the children take tums telling the elevator operator where they want to go
by naming a positive or negative number. The class must first agree on which one they want to be

represented by positive and which one they want to be represented by negative.

Since they have

had experiences with the thermometer, they will probably decide that above the street level should

be positive.

Interesting games that will enable children to have experiences with directed numbers are described

#in books listed in the annotated references in the section on Utilization of Media.

oo
o
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SETS, NUMBERS AND NUMERATION

The child should be able to do the following.

1.
2.

Al A

10.
. Order several different fractional parts of equivalent units according to_size, from smallest to largest, and name the
12.

13.
14.
15.

Place two sets in one to-one correspondence

a. Identify collections of objects as sets

b. Select subsets of a given set a _ ¢
Assign the cardinal number to a set

Assign whole number names to sets of objects

Order the whole numbers .
Put in one-to-one correspondence the ordered set of whole numbers and points on a line

Read an\d write the numerals 0, 1, 2, ... 9; read and write corréspondmg number words
Demonstrate the ability to use the place value code in writing two— and three-digit numerals
Demonstrate the ordinal use of numbers .

Name the ordered pair of whole numbers associated with fractional parts of (a) units and (b) sets

corresponding fraction s
Give an example of an ordered pair of whele numbers used in a rate context and an ordered pair of whole numbers used

s

in a fraction context

Show that two or more different number pairs or fractions may be associated with equivalent fractional parts
Identify and describe everyday situatiohs\that require the use of directed whole numbers

Count by twos, threes and so on as well as by tens and hundreds, starting at different numbers
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OPERATIONS, THEIR PROPERTIES AND .

> NUMBER THEORY .

The purpose of this strand is two-fold. One purpose is to build the concepts of operations and their properties, and the other
isto develop interest in number relationships through number theory. -

-
In s guide, operarions and their properties are separated from computation of numbers. The distinction between an
operation and computation with numbers is an important one. An operation is a particular association of a given pair of
membets in a set with a particular member of the set. Computation, on the other hand, is the manipuiation of numerals to
determine the particular number (member) that results from the operation with the given pair of numbu&(members).

The emphasis in studying operations is, initially, the association of a physical situation represented by mathematical symbols.

In other words, the child learns to interpret a physical situation with mathemgtical symbols. The diagram that follows helps
to explain how the concept of operations should be introduced to the child. o S

i

PROBLEM
mophysical world

rJ

» COMPUTATION \\

using elgorthms : NUMBE R SENTENCES
. ustng syrmbols

The child, for example, will learn that the physical action involved in joining is associated with the operation of addition.
Likewise, separating a subset from a set is associated with subtraction. Again, physical situations can (and should) be used to
introduce multiplication and division with whole numbers. %

On the other hand, the child can also use the physical world to help interpret mathematical operations. He may find it helpful
to think of 36-19=Jas resulting from a situation in which a child has 36 marbles and Joses 19 of them.

In introducing mathematical operations, only operations with whole numbers will be initially be used. The activities fogathis
part of the strand should emphasize a careful development and foundation for understanding the operations and {their
physical model interpretations. The children should manipulate objects, make up and act out stories, Teachers should be
cognizant of the fact that the operational symbols are merely convenient modes of recording lyénthcnmtical experiences, and

14 e
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“that it can_be disastrous to introduce the  symbols betore the children have had sufficiest experiences with the manipudative
R |

materials or with concrete sdtuations.,
<

“The teachsr should wait until shé feels that the children have undefstood an operation before she rells them the name of the
-operayjon, the-symbol tor it and how to rcc()rd it. For example, after the children use many activities of joining disjoint sets

and understand this process, they should rcadllv acceptghe nmthcnmmal terminology . That is, the Joining of two disjoint sets
of objects is associated with the operation. with numbers called ““addifion™ and is shown by the symbol“+™ The joining of

two disjoint sets of 3 objects and 3 objects may be recorded using goes with, associated with, matches or maps onto as, 4,3
A

cgoes with 7,01 443=7. i
. .

.

In using the operations, the child must know which is applicable to the situation i the problem at hand. For example, the
number pair (6.2) can be assoctated with 4, with &, with 3 or with 12, The child must select the a ppmprmls opt‘ ration for
solution of his problem situation, and he must know which number is associated with the operation.

A special ll()lt, should be made of the ditficulty many children seem to have with the operations ot subtraction and divigion as
mmpdnd with addition and muluplication. Extia efforts must: be made (o help children understand and interpret these
operations. As the ¢hild progresses in his undcrxldndmb of the operations, he learns that addition and subtraction are inverse
operations as are multiplication and division. He uses relationships in inverse operations to help lum in his learning of basic
number facts and in his computational proficiency. ¢ .

- N
The child should learn about properties of operations by maripulating-objects and observing the nurmber relationships on
- s

“which the properties :dre based. In these experiences, the child through discovery mav form generalizations and state them in

O
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his own words. In the carly grades it is not as important for him to know the names of the properties as it is for him to apply:

them when appropriate. In the upper grades it is important for the child to identify the properties by name.
' ~

i
.

The second purpose of the strand is to develop interest in number theory. After acquiring a basic understanding of opera-
tions, the child may use this knowledge to explore number ideas through number theory. tn working with operations, the
learner begins with a pair of numbers to which a single number is assigned by a spcum operation; in studying nuyfber theory
the learner encounters such experiences as looking inside a single number. For ex Jnlplg one may look closely at the single
number 49 1o find the answer to questions as, “Is it a prime number ? Is itan odd number? Is ff a square number?™ The child may
also investigate number patterns in order to recognize numerous relationships of numbers.

In the early grades concrete objects such as beads of different colors and shapes, pegs on pegboards, strings of different
lengths and colors may be organized into physical patterns to fead into the study of abstract patterns involving numbers.
Investigating numbers and number patterns provides more challenging and appealing activities tor the learner of mathematical
concepts and basic facts than does the traditional drill activities or practice exercises.

R N
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NUMBER THEORY
/

ACTIVITIES

2a.

2b.

Sa:

Addition and Subtraction

. Joini'ng of Sets Place a rope, circle or hulahoop around John, Bill and Sam. Place ;another

circle or hoop around Sue and Ann. Have these children come together inside a third circle to form
a new set. The two sets have been joined. Discuss what has happened to obtain the new set and
encourage the children to use such descriptions as “two sets are joined to make a third set.”

Associating Addition with the Joining of Sets- Use pieces of string or large rubber bands for
enclosing sets of objects. Have the children bring some very small objects to be used on an overhead
projector such as a life saver, gepaper clip,-a safety pin; a pencil, a toy airplane and a car. Place the
objects on a table near the‘omead projector. Ask a child to place a set of some of these objects
on the overhead projector and place a fence around it using 4 string or rubber band. Discuss how
many members are in the set. Write the numeral under the set. Ask another child to place another
set of objects on the projector and enclose it. Discuss and write the numeral under-the set. Now ask
how many objects are in each of the two sets. Next, ask a child to join the two sets into one set by
placing a fence around both sets. Then ask how many members are in the new set. Record this
experience, for example, 3, 2 8%€5 With 5 Discues this association of a pair or numbers with a single
number.

A variation of activity 2a can be done using clear plastic bags and smaﬂ objects that can be easily
handled and can be seen through the bags. The objects in each bag forin a set. A larger bag can be
used when joining sets. Discuss the association of a pair of oumbers with a single number.

Using Numerals and Symbols to Represent Addition Have the children make up simple stories
to illustrate joining and separation of sets. Pictures or drawings help children to understand these
actions with sets. Stories not only strengthen the understanding of joining and separation, but give
the children an opportunity to leamn to verbalize, for  example, the teacher asks, “Who saw some-

thing yesterday that illustrates joining of sets?" Johnny says, ‘“Mother found six eggs in a carton
and then found two more on the egg tray of the refrigerator. So we have eight eggs in the
refrigerator.”

Separation of a Subset from a Set In classroom settings similar to those described above, the

children should have experience separating a subset for a set. For example let the children aci out a
story similar to the following. :

]

Seven children were at the front of the room, and two children retumned to their
seats. How many children were left at the front of the room?"

Other experiences could involve physical objects such as sticks, beads and flannel cut outs. Pictures
ilustrating removal o ts from sets can be used with the children discussing the actions
depicted. Language for describin hysical models and sets need to be developed before symbols
are introduced.

Associate Subtraction- with the Separation of a Subset from a Set After the child has had
numerous experiences with physical objects, the teacher can represent the separation of a subset

ey
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from a set with mathematical symbols. Thus, the story about the seven children in front of the
“room and two that return to their desks may be illustrated by 7 - 2 =[J. By the same token, the’
children should have experience in interpreting a subtraction sentence as a story problem, For
example, for the sentence, 6 - 4 = [J, encourage thém to make up a story like the folloling.
“There were six ducks. Four flew away. How many ducks were left?”

3

Sb. Again ask four boys and three girls to walk to the front of the room and 'zirrange themselves into
two sets, one of four boys and the other of three girls. Ask other members of the class how many
boys there are and how many girls there are. Ask the four boys and three girls to join into one set.
Now ask, “How many children are there?” Ask a child to record on the chalkboard the number in
each of the two sets and the number of the set after the boys and girls are joined, for example,
4,37 or4+ 3 =7 Now there is a set of seven children. How can this set be separated and put
back into the original sets? After the set of boys has been separated from the seven children,
encourage discussion of what is being done. 7 - 4 = [J. Ask the children how many girls must be in
the other set. Now rcassemble the four boys and three girls into one set of seven ofyce more. This
time, ask the three girls to separate from the set of seven. How many boys are left} 7~ 3 =[J.
Children may write the number sentences on the chalkboard to record the putting together and

separationw‘of‘th‘e set of seven children.

.

6. Addition-Using a Number Line The number line may also be used to illustrate addition and

subtraction. When the children have had experience with the various types of joining and separating
with sets, the number line can be introduced.

T~ N\

< e “#

0 1 2 3 4 5 6 illustrates 2+3 =95
e

0 | 2 3 4 ® 5

7. Match a Number Sentence with a Story

— =
6 7 illustrates S~ 2 =3

The children should have experience in matching or

selecting from a choice of sentences a particular story problem. Initially, the matching should be
addition only, then with subtraction only, and then finally mixed addition and subtraction.

John had thre¢ marbles. He got some more, then he had eight.

How many marbles did he get?

3I+8=01
or

3+0=8"
' or

O-3=8

8a.Take away and Comparative Subtraction .
from a set; this can be thoyght of as a number eater. For example, if a situation is reflected, .for

7 - 4 the child can think about this as a 4 eater, removing 4 from 7.

Take away subtraction is the removing of a subset

’
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Not all subtraction can be thought of as take away. Some situations are comparative. Fj)r example,
look at the following problem.

John has eight marbles. Connie has five marbles.
How many more marbles does John have than Connie?

In this problem he children’should match the individual members of the set.

~

John B Connie

In’ this example, the child can see through matching that John has three more. The problem is
represented by 8 - 5 = [1 Comparative subtraction tends to present more difficulty. for children
than the take away subtraction. As a consequence, it should only be introduced after the children
are confident of take away subtraction.

Place 5-animal cutouts on the flannel board. Ask the child to use ali of the cutouts to make two
sets.. Discuss how many cutouts are in each set. Place that numeral under each set. Ask a child to

“join the two sets into a new set. How many cutouts are in the new set? Now place a numeral under

this set telling how many members it has. Ask if anyone can tell a number sentence to illustrate
what has been done. They may name “4 with 1" or “4+1;” “l1 with 4” or “1+4;” “3 with 2” or
“342;7 “2 with 37 or “2+3;” “0 with 57 or “0+5;” “5 with 0" or “5+0.”” (Note: If an empty set is
given as one of the two sets, discussion of the empty set and zero will probably be needed before
continuing.) :

Give some child five pennies saying, “Here are some pennies; please put them on the overhead
projector.” Then, “How many pennies are there?” Then ask him to place the pennies into two sets.
Ask, “How many are in each set?” Then ask, “How many are mn the union ot these two sets?”
Embhasize that this means that 2+3 (or 1+4, etc., as the case may be) is another name for 5. Ask
for some other names for 5. Explain that we use the symbol “="" to mean “‘is another name for”
and can write any of the following:

2+3=5 5=1+4 %
5=2+3 2+3=1+4

Have the children write other sentences using the “=" sign based on this activity.

A variation of the activity can be used. Give several children each 5 animal cutouts. Ask each chitd
to arrange his 5 objects into two sets, trying to make his two sets different from any other sets
using the 5 objects. Sets may contain the following numbers of objects—3 and 2, 2 and 3, 1 and 4,
4 and 1,0 and 5, 5 and 0. When this has been done numerals indicating the number of objects in
each sef can be placed under each set. Record on the chalkboard each child’s sets in numeral form
along with his name, such a8 (3, 2) Mary, (2, 3) John, (1, 4) Jack, (4, 1) Sue, (0, 5) Bill and (5, 0)
Don. Then tell the children to join their two sets, and placé the numeral indicating how many
under the new set. Then discuss how this information can be recorded in a number sentence..Write
the number sentences on the chalkboard, and discuss how all of the different combinations of sets
and numbers of objects still give 5 in the purting rogether process.

Provide a set of cardboard or wooden rods (Cuisenaire rods) for each child, each set containing 10
one-rod  lengths, several of each of the other lengths up through 10. Ask children to form all
possible rrains, each consisting of exactly two rods, and each pair being the same length as a given
rod.” ‘
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E
}3%[

[efe]e]e]e :
This leads children to associate the number pairs (1,4), (2,3), (32), (4,1) with the length of 5.
Attention can be called to the is associated with recording.

Associative Property of Addition Lay out two collections, such as 3 red-sticks, 4 blue sticks
and 6 yellow sticks as follows. '

Red . Blue Yellow
1l I iy

I ‘ 1 ~

Bring to the children’s attention that in the collections there are the same number of red sticks, the
same number of blue sticks and the same number of yellow sticks. Then say to the pupils, ‘“Now
watch what I do.” In the top collection, move the blue sticks over with the red ones. Then say,
“Now watch again.” In the second collection, move the blue sticks over with the yellow ones. The
final display will look like the following.

A

‘Red Blué Yellow !
1 HI
N !
Red Blue Yellow
fi HINTHH

Ask if there are more sticks in the top collection or in the bottom one. Do not ask how many are in
each collection, just if there are more or less. The children should match the two sets, either
actually or mentally, rather than count, to determine that the collections are the same size. The
blue sticks in the top collection could be moved with yellow, and the blue sticks in the bottom one
could be moved with the red. Repeat the activity with different numbers of red, blue and yellow
sticks. Ask, “What did we findalways happened?”’ (The two sets matched.)

For emphasis, point out that you always began with the same numbers of red sticks in both
collections, the same number of blue sticks and the same number of yellow sticks, and that whether
the blue ones were put first with the red ones or the yellow ones, the two collections matched. Ask
the children if this seems right to them.

Using. the Number Line Another type of joining action is illustrated with a number line since,
for example, a step of size four is joined to a step of size three. In contrast to set union, in which
the arrangement of the elements is irrelevant, with the number line the joining must be end to end
with no skipping. '

As an example draw a number line on the floor that children can walk on. The process of going'a
certain number of unit steps and then going more unit steps is adding on or addition.

D e e
0 1 2 3 4 5 6 7 8 9

19
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Move 3 steps. Move 4 more steps. The stopping point is 7, which is associated with the (3, 4) move,
or (3, 4) associates with 7. This may also be written 3 + 4 associates with 7, with the symbol “+”
indicating addition.

-

10. Zero Property of Addition Ask a child to walk 4 unit steps on the number line. Then walk no
more steps. He should stop on 4. His steps can be recorded on a number line on the chalkboard as

follows.
— T~ -

0 1 2 3 4 5 6 7

v

The number pair (4,0) can be recorded on the chalkboard to indicate steps the child was told t\.J
take. Discuss the significance of zero in its effect on 4. Now ask the children to walk off other

pairs, such as, (1,0), (7,0), (4,0), (9,0), (11,0) and others. After this-is done, children shq,uld have a
better understanding of the zero property of addition.

11. Commutative Property of Addition Commutativity of addition is shown on the number line in
the following illustration.

2+43

3+2

Two children walk on opposite sides of the number line. One takes two unit steps, then three; the
other takes three, then two. They notice they stop at the same point.

Emphasize the fact that they have stopped at the same point and that 2 + 3 = 3 + 2. Record thfs on
the chalkboard :

B

12a. Associative Property of Addition Associativity of addition can be shown in a similar manner.
Ask two children to walk on opposite sides of the number line. Ask one child to walk 3 unit steps
and 2 unit steps and mark this place. He then walks four more steps and stops.

“Ask the other child to walk 3 unit steps and mark his place. Then ask him to take 2 unit steps and
four unit steps and stop. They have both stopped at.the same point.

(3+2) +4

« — A~ . \

3+ (2+4)
The record of what has been done is put on the chalkboard as (3 + 2) + P=3+ (2 +4).

12b. Associativity of addition can also be lllustrated with the use of plastic bags and small ObjeCtS as-
shown here.

R
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Children should match the objects one-to-one in the big‘ bags to see that the same number of
objects was obtained even though the objects were combined in a different order. The recording
will read (442) + 3 = 4 + (2+3). '

obi. 12¢c. Draw three sets on a transparency. Cut one inch squares of transparency paper and write the
6 numerals 1, 2, 3,4, 5, 6,7, 8,9 one numeral per square. Place these in the sets.
A B C

Ask a child to move oné square from set C to another set so that the sum of the numbers in-each
set is the same.

obj. 13. Using Number Strips in Adding Ask some of thwr_e—advanced students to make a slide rule
10 of any length with strips of cardboard or two rulers. :

The two strips are calibrated on the same scale. The second strip, for example, c)x&t:e moved two
spaces to the rig%. Read where the 3 is'on the second strip and look above it. Fivg appears directly
above 3 on the upper strip. This shows that 2+ 8 = 5.

obj. 14. Breaking Bundles in Separating Sets When the children have had plenty of practice in separat-
4 ing sets, they can be given a real problem, as follows. Give each child a bundle containing ten sticks
. and three extras and say, “I am giving each of you a bundle of sticks and extras.” Ask, ““Can you
take nine sticks away from the collection?”’ Ask the children who can do this to tell where they got
the nine sticks to take away. Discuss the' fact that to do this problem the bundle must be broken. It
will be noted that this activity paves the way for later work with borrowing, how®Ver, at this first
level, the emphasis should be on finding the requjsite number of sticks to take atay, not on how
many are left. Having the collection in bundles and singles makes it a different problem from having
the collection in a heap from which to count out; it is desirable to present this problem first within~"\
the context of where to find the nine sticks.

o




Children are given one bundle of ten sticks and three extras.

The bundle of tenis b}oken.
VI o
Nine are taken out. , .

Multiplication and Djision // / W

obj. . 15. Multiplication — Using Sets Children have learned that (3,2) can be associated with § (joining
laJb action) or with 1 (separating or. comparing). To show that (3,2) can be associated with 6, have

children draw 3 stick figures to represent the boys with their plates at Tom’s party. Tom wanted
each boy to have 2 cookies on his plate. Let the children discover how many cookies Tom will

- Point out.that 3 names the number of boys, and 2 names the number of cookies for each boy, so
the numbers pair (3, 2) describes the situation. The association is recorded (3, 2) = 6. '

Repeat this activity using other numbers of children and other objects such as candy and straws.

This could be worked into an art project. N
obj. 16a. Multiplication — Using Arrays After experiences in which children make arrays of bottle caps,
lalb cubes, etc., and later actuglly arrange dots on paper to form arrays, much-time can be saved by
using the following idea'ﬁmake an array. Cut slot cards using squares of light weight cardboard
approximately6 ' X 6''.The following slot cards would be used to show a 4 by 6 array. (The slots

dre to be cut out leaving rectangular slot openings.)

B ._J.J._J._J..JJ

4 slots R /. 6 slots

22
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Slide the 4-slot card over the 6-slot card to give the effect shown.

The light will shine through the overlapping slots and form a
very effective 4 by 6 array for pupils’ individual use or>for
demonstrating 4 X 6 on the overhead projector. Turn the cards
around and you have a model for 6 X 4. N

16b. Give each child twelve counters, and ask if they can be arrariged in 2 rows with the same number in

17.

20.

make up stories showing 3 X 5,5 X 4,3 X1,1 X3, eté.

each row. When the children are finished, ask how many are 1n?ch row. Then ask, “What pait of
numbers describes your arrangement?”’ The children should see’ that the number pair (2, 6) des-
cribes the arrangement. Ask if the counters can be placed in 3 rows with the same number in each
row, and give the number pair which describes the situation. Repeat for 4 rows, S rows, 6 rows, etc.
SummarizeNhat 12 can be associated with (2, 6), (3, 4), (4, 3), (6, 2). Repeat with a collection of
nine counters, 10 counters, etd.

Muitiplication and Division

Multiplication — Using Cartesian Product Multi plication may.be shown as a Cartesian product
by the following activities. Cut out shirts and pants from construction paper. Use 3 shirts (one
yellow, one red, one blue) and 2 pairs of pants (one black, one white). Let the children by actual
manipulation match each of the 3 shirts to each of the 2 pairs of pants to find out how many
different outfits ¢an be put togethgr. Again, the pair (3,2) describes the situation, and the associa-
tion is recorded (3, 2) 6.

Commutative Property ofMu[tipll:cation . To introduce the commutative prOperl'.viﬁi multipli-
cation, have the children face the class and stand in 3 rows with 2 children in-each row en thisi
done, ask how many children are standing. (6). Record (3,2) = 6. '

Have the children turn their faces to the wall, and then pivot the columns so children again face the
class. Now how many rows? (2). How many are in each row? (_3). What number pair describes the
situation? (2,3). Has the number of children changed? (no). Record (2, 3) 7 6.

J‘ \‘

. Multiplication — Using a Number Line Ask a child to start at zero and take 3 steps each of

length 2. Ask what pair of numbgss describe the situation. Emphasize 3 steps, each of length two so
paired will be (3, 2). Now where is he? (6).

<+ » v \d
9v

3,2)—>6

Have the children illustrate in number line each of the followmg (4,2),(1,3),(2,3).(5,2) etc. under" .
agreement that the first number is the number of steps, and the second number is the size of the

_ step. ’ -

Recording Mulnpllcanon When the preceding activities have been understood, introduce the
symbol “ X in the, activities, for example 3 boys, 2 cookies each, 3 X 2¥Then have the “children

i

-

2
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obj. 21. Commutative P'roperry of Multiplication Draw a numbe‘r line on the floor. Place a child on
lalb,2 - “each side of the line. Ask one of the children to show 2 X 3 (2 steps of length 3). Have the child on

' * the opposite side of the line to show 3 X2 (3 steps of length 2). What do they notice about where
’ " they finish? .

D i 2 3 2 5 6 7= 8§ *
Repeat for 3 X4 and 4 X 3. Repeat for 3 X 1 and } X3.
bobj ' 22. Division — Using Arrays 'Telelve children are asked to stand in a grouphin front of the room.
la, lb p ' Ask them to'stand in rows with 3 in each row. Let the children arrange themselves if possible. What
' pair of numbers describe the situation? Twelve children, 3 in each row, (12,3) is the.pair. Now ask
. how many rows were formed? (4). The association is recorded (12, 3) ~>4. 4
obj. ' 23. Division — Using Sets ‘ Have tﬁe children draw fifteen cookies on a piece of paper. Ask them to
1b . ‘u‘cle the cookies puttlng 3 cookies in each circle. What number'pair describes the situation? (15 3).
Now ask how many circles were drawn. (5). Record (15, 3) 5. ‘
me  Obj. 24. Division — Using Number Line and Repeated Sub}‘raction Draw a number line or place a paper”
la, (b one on the floor. In order to show the number of 2 unit steps in a length of 6 units, have a child

start on 6 and-facing zero take steps of two unit lengths. What pair of numbers describes the
situation? (6,2). How many steps were taken? (3). Record (6, 2) > 3.

This actlvxty shows division as repeated subtraction

and is a link between operations and computations.
obj. 25. Recording Division and Using Sets When the children have understood activities 22-24, intro-
2 duce another way of recording these using the symbol ““ +”". This activity illustrates division when
S one is to find the number of possible sets. Have the chlldren,make up. stories to illustrate 8 +2,8 +
4,6 + 3, 12 = 6, etc. For example, a child may say, ““I have 8 marbles and 1 am going to give the
boys 2 marbles each as long as they last.”” The teacher asks the child to draw a picture of this on the

. eees
SR S

Then the teacher asks how many boys received marbles (4) As both symbols *“ +** and ™ = have
been introduced the cthd should record what he has done. taj 8+2=4,

obj. ‘ 26. Division — Using Sets This activity illustrates division when one is to find the humber of
la,b,2 possible members in a given number of sets. Have the child draw a plcture like the one shown.

9 cookies

ooooooooo

24




3 girls Alice

- Mary
-H

Jane :
| { : - . b
* Have the child note thag he has a 9 cookie, 3 girl situation (9,3). Have the child plage one of the 9 »

cookies by ‘Alice’s name, ohe by Mary’s name and one by Jan’s name. Repeat this procedure until
all cookies have been placed on the chart.

Alice O O l’CD
Mary O OO
Jane O Q O

-
Ask how many cookies each girl received. (3). Then record 9 + 3 = 3.

ogj. 27. Property of Multiplication over Addition Give each child some dried beans for counters. For
lalb2,4 any given fact such as 3 X 7 have the child arrange 3 rows of beans with 7 beans in each row, then
’ separate the rows of beans as shown.

3X7

OO
OO0
OO
(3X6) + (3X1) ’(:)(:)(:)(:)(:>

or

(3 X4) + (3X3)

{/

(3X3) + (3X4))
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Number Theory

Continuing Pattems Activities in which pupils learn to look for non- mathematical patterns
" have heen suggested in other parts of the guide for puplls to begin to learn about numbers. They are
-suggested here to help pupils learn to look for likenesses and differences among members of sets.

Give a ¢hild sets of two or three kinds of objects. You could use cardboard cutouts of different
shapes, sizes and colors. Ask a child to look carefully at the order in which some of the shapes have
been placed and continue the pattern. This can be done in the middle of the floor as a group of
thldrcn observe the activity of the particular child.

\ T

Example

S\ SN SN SN e BOOA

" A set of plastic forks, spoons, and knives could be used. Ask a child to continue the pattern of

obj. 28b.

- arranging them in the order shown. !

I

Logic hlocks provide appropriate materials for numerous activities to help the pupil learn what is
nieant by a pattern.

Lessons using picture pages in" textbooks. as well as paper and pencil activities are much more
abstract than work with concrete objects (as suggested in the activity just above) and should not be
expected of a child who has not exhibited the ability to reproduce patternps using concrete objects.

»
At this stage pages from work books or ditto sheets are appropriate for more development of
patterns using less concre:e media.

Give the child a ditto sheet of strings ¢ beads, and ask pupils to continue the pattern already

" begun.

obj. 29a.

ERIC

Aruitoxt provided by Eic:

Example

A )
Or muke all beads the same size and shape and develop patterns by coloring the beads according to
a pattern.

red ted red wred red red w, etc.

h ' h .
i ¢ i
t
e e
Skip Counting Every kindergarten room and every first grade room should have a walk-on

number line painted on the ﬂ_bor or made with masking tape on the floor along one wall of the
room. After a pupil is'able to count rationally and can step along the number line from 0 to 1, to 2,
to 3, to 4, etc. and name the numbers as he steps, ask him to take steps two units long and to name

26 - Y

.
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29b.

the numbers as he steps from O to 2,t0'4,to0 6, to 8, to 10, etc. Each child can succeed at le’agt to
some degree in this activity though some pupils will be able to count much farther than others as
they walk along the number line.

Many variations of number lines will prove very useful for many mathematical activities. Trans-
parencies for use in the overhead projector will prove invaluable. Spirit masters for making pupil
work sheets will prov1de appropriate activities for individuals as they encounter dlfﬁculty with
various concepts.and skills throughout the year.

A few suggestions for transparencies and spirit masters are given here Some uses are suggested but
teachers will find many other effective ways to use them.

Label the points using appropriate numbers.

A ditto sheet similar to this is useful for skip counting. Pupils should be lead to realize that number
lines may be horizontal, vertical or oblique. They need not always show zero as the first number.

iy
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obj. : 29¢ Many counting situations ean be learned, from the chart below by counting by tens using any

all column. To count by fives, use both the first and sixth columns.
( . X T
/ \ ) ) 0 1 2 3 4 5 6 7 8 9
. \\ ! ) o
N 10 {30 (12 {13 (14 (1S f16 |17 [ 18 | 19 .

20 |21 (22 |23 {24 |25 |26 |27 |28 | 29

30 |31 |32 [33 |34 35 36|37 |38]35

40 |41 |42 [43 |44 |45 |46 | 47 | 48 | 49

4 i\

50 | Sle |52 |53 |54 S5 |56 )57 58|59

60 | 61 | 62 | 63 | 64 (65 | 66 | 67 | 68 | 69

70 |70 |72 |73 (74 ) 7S {76 | 77 | 78 | 19

B0 [ 81 182 | B3 |84 |85 |8 | 87 | 88 | 89

90 | 91 192 [93 [ 94 195 196 | 97| 98 | 99 s

Count by twos. To get even numbers begin with zero and say one, skip one, say one, skip one, etc.
For odd numbers begin with one and say one, skip one. To count by nines begin on the dxagonal
_from the right. To count by elevens begin on the dlagonaal from the left. Y

obj. 30. Discovering Pattems The fol]oWing sets vary greatly in difficulty and are not necessarily all
6,9 recommended tor use within one class. The teacher should use discretion and creativeness to
provide sets appropriate for the levels of pupils with whom she is working.

Ask pupils to discover the missing numbers in sets similar to those below and write in the numerals.

Let pupils talk about the numbers in any or every set. The role of a teacher may well be considered
that of a skillful interviewer. Try to design questions so that the child can answer them for himself,
and from this he may venture to ask some questions which he is interested in because he created

them.
A ={ 1, 3, S, 7, 9, }
N B 2{0,2,4,6, ’ 1121 ) ’ }
C ={0,3,6,9, : . : , ,_-_,w} -
D = { 1.4,7.10, R }
E ={1,3,5, : , 13, }
F ={ 10,20 , , , ,70,...}
1 ¥
i (28
4 K

- e
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ERIC

Aruitoxt provided by Eic:

3la. 0dd and Even Numbers )

1

Three dots after the last number listed in a set-imply that the set continues in the same pattern and

that it has no last member. v N
' G = {0,],4,9, . -"‘, ’ ) » }
H = { 1,3,7,15, , ,

In this last set each succeeding term is one more than twice the previous one. Some children by the
ath grade will be able to discover this pattern, but children who are unable to discover the pattern
should be given clues. Leave some small discovery, for the child to make.

If you have an overhiead projector, ask a pupil to come to the projector
and try to form an array having two rows or two columnsusing all of a set of objects which'has been
provided for him. Ask another child to volunteer to be secretary and keep a record on the
blackboard of the information gained concerning the sets of objects to be studied.

It will probably-be better to begin with a set of at least four object_,s. As the pupil shows {or is
unable to show) that a given number of objects can (or cannot) be artl_a,nged in pairs, the secretary

should recorgd the information on the board in sofne simple way such ds ““can,” *“can’t’ or “even,”
“not even.’ s

Even Not Even
4 5
’ 6 3
2 ' 7
8 9
10 11

.

Pupils can at this point be told that the number of a set which can be arranged in pairs is_called an
even number. The number of a set which cannot be arranged by two’s is an odd number, From this

discussion the child can conclude that every whole number is either even or odd.

A very valuable concluding activity for any mathematical lesson is to encourage at least a few pupils
to summarize in their own words what they have discovered or concluded from the day’s mathe-.
matical experiences. These could be in poster form and displayed in the room. What he says is

much more important than how he spells or punctuates. - ) .
. .

31b. Transparencies of number lines may be used in many ways.

¥

-~

——1 1 1 [ [ R N S y 1 | I | Lp
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
P RS NS W TS SO S O 0 U UPNES NSNS DRNA NN | 1y
l6 17 18 19 20 21 22 23{ 24 25 26 27 28 29 30 31
«——1 1 1 1 11 | N ) S S W | >
32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 ' etc. to 100.
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Most_pupils are delightéd to use the overhead projector and become involved in demonstrations and
discussions of mathematical ideas. If an overhead projector is not available, use a chalkboard. A
pupil starting at zero and using chalk may show jumps which land him on even numbers, Or starting
at' I, he may show jumps which land him on the odd numbers. . :

1 i 1 1 1 1 | L L .

&
-

ot 2 3 4 s 6 1 8 9 10

31c. Using number line transparencies or other models, a child may think of a cricket which starts on 0

31d.

and skips over one point each time he jumps.-He would first land on 2, then on 4, etc.

What points can he touch?

Could he land on 147 Why?

Could he land on 527 Why?
Could he land on 3570n 677~

S

Make ditto sheets using examples similar to those below.

Which even number comes next?

7
8
32
46
60
98
Which even number comes before?
14
- 6
}
'94 .
Y
30
90 s
A\
k] -

30

39

oy N .
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obj. « 32a.Sumsof Odd and Even Numbers — Class Discussion Exercise Below are sets of letters
6 . which are to be counted using'words or groups of words. Count each group of letters and record .
the number in the c6lumn, “How Many In All.”” Then flnd out whether pairs can be made out of
each group with no letters left unpaired. To show what is'done draw a ring around the first two

letters jasthe group, then the second pair, tlrird pair and so on, Write “‘yes” if there are any letters '

left over and “no” if all the letters are circled. The first two are done as examples.
. . How many Any letters
R in all? ' left over?

@ : 4 3 . Yes
. - GDQD ‘ ' 4 S No
- | ‘BEAUTIFUL 9 Yes
.RUNNING
"TUKTLE _ *
GO -
PROFESSIONAL
| NovEmBER
PHILOSOPHY
CANDY
CONVERSAIIONAL - /'
TRANSPLANTS
UNIMPEACHABILITY
ACQUAINTANCES

BLUEGREENYELLOW N N

3

If a group be separated into palrs with no left-overs, it came out even. Which groups came out
even, the:“‘yes” gr0ups or the no’ groups” ‘

32b. Make a list of the numbers of the sets that came out everi when grouped in twos. These numbers are
called even numbers,

32c. Draw a ring around the pointjust above each even number. EEREE

| SN Y T Ny S R T U U N A S L 'S N
4 56 7 89 10 11 12 13 14 15 16 17 18 15

¢_l 1.1 1
0 12 3
32d. You did not have a 25 letter group. Would a 25 letter group come out even?
'~ Would a 28 letter group come out even?
A 21 letter group?

Can you tell by looking at the numeral that the number is even?
For all the even numbers the one’s digit is either

T s s~y OF

Aruitoxt provided by Eic:



Any whole number that is not even is called an odd number.

Write at least ten odd numbers. o

’ ’ » » ’ ’ » » y —

For all odd numbers the one’s digitis 1,3,5,7,0r 9.

32e. Put two of the even groups of letters together. See if the number of new group is even or odd.

TURTLE GO TURTLE has six letters.
GO has two letters.
Together they have
6+ 2=18 letters

The numbers 6 and 2 are even numbers. Is their sum even?

Try adding two other even numbers. Is their sum even? /
Can you find two even numbers whose sum is not even?

Can you find two even numbers whose difference is not even?

Subtracting numbers, for example 12 - 4, is the same as taking 4 letters out of a set of 12 letters.
PROFESSIONAL has 12 letters. Take off 4 letters (or cover 4 lettersjAnd what kmd ofgroup is left?
If you cover an odd number of letters, what kind of group is left?

Put two of the odd groups together. Is the number of the new group odd or even?

Can you find two odd numbers whose sum is odd? Try! )

Can you find two odd numbers whose difference is odd?

32f. Tell whether the sum is odd or even in each case.

243 3+3 1+13
4+8 9+9 22415
126 + 103
« 79 +85

32g. Three of the problems below have wrong answers. Without workmg the problerhs put a Wbesnde
each wrong answer. Explain how you can tell.

t

126 226 79 82 391 838
+359 +634 \ 87 ~13 -183 -299
73
. 2
) ’ 485 860 105 68 208 538 ~
!
2’3},« '\\
s - N
obj. 33a, Prime Numbers Before prime numbers can be understo()d pupils must correctly use such
2 terms as ““divided,” “is a factor of,””*is divisible by.”

Since 7 X 3 = 21, we say that 7 and 3 are factors of 21 and that 21 is, lelSlble by 3.4nd 7. Smcp
1 X21=21,1 and 21 are factors of 21 also.

Of course, every number is divisible. by 1, and 1 is a factor of every. number The sat of facmrs of
21is21,3,7,1. :




Ask pupils to use a set of 6 objects and see how many H‘fferent arrays can be formed using all 6
objects. :

~ Example

2by3
3by2 g

)
6by 1

There are 4/possible arrays, hence there are 4 factors of 6, namely 1,2, 3, 6. Have;_pupi]s count by
2’s to show three 2’s are 6, etc. Now try 7 objects. Let children form all possible arrays using all 7

objects.
Example

L

7 by 1

There are only 2 possible arrays, hence there are only two factors of 7, namely 1 and 7.
‘ S Dot paper is an excellent way to record the aﬁﬂays as they are discovered.

As pupils study the number of factors they should observe that some numbers have exactly two -
factors. Others have more than two factors. Those -which have exactly two fictors are prime
numbers; those which have more than two factors are composite numbers.

The Number Number of Number of Set of Prime or Composite
R Arrays Factors Factors
R
21 ‘ 4 4 21,7,3,1 Composite
7 2 2 1,7 Prime

Ask the question about the number *1.” Ask the pupils to read definitions of prime and composite
numbers, the pupils should conclude that | is neither prime nor composite. ?

33

4.
<




Make a poster listing’all_prime numbers less than 50O, and display it in the room.

obj. 33b. Ask the pupils to construct a factor tree for each of the numbers of a set such as set 4. Limit the
8 numbers to be factored to those appropriate for the pupils. Even if a pupil has not mastered the
basic multiplication facts he may be encouraged to use a multiplication table (preferably one which

\ fie constructed earlier.) 1 N

A= { 4,6,7,9,12, 15, 18, 20, 24}

S e
Sampl ey

Notice that the factoring process is to be continued until each factor is a prime number. In the case
of 7, or any other prime number, the only factors are 1 and the number itself. Since 1 is not prime,
you cannot factor 7 into a product of primes.

obj. 34 Continuing Parterns of Numbers Ask the pupils to find at least the next 3 members in each
9 *  series as seems appropriate at various levels.
7
oo seoe ]
) s
a. ) cee
. .
b . e o0
see
[ v 5 y ’
c 0,1,4,9 16 ——r, ——  ——
d. 10357, . ,
/ eo 1 12,3,5, 8, ——,
obj. © 35a. Triangular Numbers Prepare triangular cardboard piéces as shown,

9

AN

NNY-V-

It cach dot suggests.one, & suggests 3, cte. The numbers suggested by the triangles above['\lrc called

triangular numbers. Ask pupils to name the tirst ten triangular numbers, N

{ 1, 3, 0, 10, s, , . . }
\3/ \_z/ \4/ \s/

: et

Find the difference between each two consecutive triangular numbers. Discuss the ditferences.

34
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35b. Ask pupils to add any two consecutive triangular numbers. What kind of number do you get each
time? Keep a record of the sums of any two consecutive triangular numbers. -

Example

. 1+3= + 3 6 10 15 21

3+6= L 14

or 3 9
6+10=——— 6 16
10+15=__ 10 25
" IS 36
21

3Sc. Describe the set of sums of two consecutive triangular numbers.

obj. 36a. Square Numbers Prepare card board pieces with dots arranged in rows and columns, with the
9 : same number of dots in rows as in columns. » k ~
oo 0o
' o0 o o o 0 0
e ol o e.0 oo 0o
E ) o o0 e oo 0 etc.
1 4 W9 16 25 36

How many numbers can be suggested by a pair of picces placed side by side? Keep a record in a
table as shown.

+ Lo lafol] e 25 36
o 1 HNERIEE 26 37
- - 144=5 4 |20 ‘
9 - ] s
. 16
SR 1+9=10 25 ' 61
36

36b. Ask the pupils to find two consecutive square numbers whose sum is a square number. One such
pair is 3 and 4 since 32 + 42 = 25 Are there others?

obj. 37a. Using Patterns A discussion of patterns is appropriate for many levels of ability.

Circle the nu:ierals which do not seem to belong.

4 ={0.2,4,6,9, 10}
B ={1.3,5.7.9, 10}
€ ={0.3,6,9,13,15, 18}
D ={0,4,8,10,16,20}
E ={0,1,4,9,12,16,25}
35



Some pupils may need to use the number line to help answer the question, for example, for C
;o which numeral dog¢s not belong? Why?

A e L e e T LS
012345678 9101112131415161718192021:

If this set of numbers were continued according to the pattern, which of the following numbers .
would be in the set?21, 22,23, 24, 25, 26, 27,28, 29, 30.}

obj. ‘ 37b. Use the following idea to add variety to meaningful practice with basic facts and to stress patterns
10 in mathematics. Complete the pattem showing pairs of numbers whose sum is 10
] 2

Write two equations for each pair of different numbers whose sum is 10, for example, 1 +9 =10
and 9+ 1=10.

Use the same kind of pattern to show pairs of numbers whose sums are 5,6,7,8,9, 11 and 12.
\

obj. 37c. Parts of this activity could be used as pupils have sufficient experiences with open sentences, true
410 sentences and false sentences.

The teacher should not expect the children to expwé‘ir ideas formally. It is important that they
understand the ideas of commutativity, associati\/ity, distributivity, additive inverse, zero in multi-
plication, multiplicative identity, etc.

Ask pupils to co:aﬁpiete each statement in such a way that each will be a true statement.(Let (], A
and Orepresent whole numbers.)

a. 2+6=6+
b. 3X4= X3

c. O+ A=A+ ___ where O and A represent numbers
I 3XQ+4=(GXD+GX__)

e. AXO=__ XA |

f. AX((O+0)=(AX_2 )+(AX __ )

"

g 27 X 69 =69 X

h, 38 X0=5 X

i If27Xl=D,thentlis____
i 7-7=8- ___

\ 36
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Supplementary Activities for this Strand

obj. ‘ 38a. Operations and‘P\mperlies Teach o can use a grid and a table of facts 1o develop and extend
4,10 ’ different jdeas of operations as shown. ' ; Co :
+ ! 2713
1 2.3 4 :
A v
3
38b. Conunutativity of multiplication using a grid is shown below.
5 3
5.
3‘ 5
.}8c}n,thc hundreds board or on grid paper, make a hyndreds chart. Circle the multiples of 3, draw a
3. #triangle around the multiples of 4. Which numbers arédboth multiples of 3 and multiples of 4? Then
o identify multiples of 5. and ask which numbers are muitiples of 3 and 57 4 and 57 etc.
obj. ' 39, Skip Counting
11

counting line

product line

P 8 12 16 20 24 28 3 & -

The counting line will\h;wc to be adapted in order to count the number of 2's, 3's,-5's, etc. in a
given length on the product line. ¢

Two number strips, as above, can illustrate the operation of myltiplication.
2 ‘

[t 4 is the basic measure, the product line shows that 3 four’s z:\c 12

T 3 X4 =12 \

The reverse procedure would illustrate division, 12 =4 = 3

37
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obj. 40. Recall or Basic Facts Make a spinner as shown.
10 7

Let the children take turns spinning and following the direction on the side on which the spinner
comes to rest. In case the direttion tells th to subtract a number greater than he has accumulated,
he loses his tum. :

obj. 41a, Closéd Number Line A clock is a very good example of a closed number line. The countihg set

9 of a clock uses the numbers one through twelve andithen repeats them over and over. Thus, it can
serve as a model for a modular number system.

Construct a number line on a l2-umt length of string, wire or some other pliable material whjclfl can
be used as the rim of a circular clock face. Bring the end points together, lapping the 12 point over.
the 0 point thus making a circular number line. The numerals 12 and O then name the same point
on the clock and could be designated either 0 or 12.

Therefore, the child should discover that to count to 3 on a clock, he must start at the point named
12 and move clockwise 3 spaces. When the device is used to show addition, any combination which
results in 12 would terminate at the 12, 0 point.

Examples of addition on the circular number line.

‘* 2+3 = This is similar to addition on a linear number line using whole numbers;
to find the sum, move seven places clockwise from 8. The children
8+7= should discover that the result is 3.

Examples of subtraction on the circular number line.

9-5= E This is similar to subtraction on a linear number line using whole num-
bers. '

3-5= The child will discover that he can move in a counter clockwise motion
five spaces aad the result is 10. This subtraction is not possible in the
system of whole numbers he has been using. It is a good beginning
toward development of the concept ofla finite number system.

obj. 41b. After many experiences with addition on this circular number line, the children should be able to
9 . construct and use a table on this specific finite number system in both addition and subtraction.

38
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Examples .
_ + 1 2 3 4 5 6 7 8 9 10, 11 12
1
/ 2 .
' ~
3 3
4 ' 2
1+ 3= 5 - j! 2
6
- T
7 ' 1 *
8 3 6
10 2 /
11 2
12
L e
obj. 42. Commutative Property of Multiplication Using a geobdard, the children can form an array and
laJb, . determine the relationship (3,4)=*12.The symbolism 3 X 4 = 12 can also be used.
24
ﬁ
®© © 0o 06 0 0 0 0 o o
@@@O® o o 0 o o o
P@OD@ » oo o o o
@@@@ * oo o o o
3IX4=12 ' /
By arranging twelve objects on the geoboard the children can note that if there are four rows, each
row will have three objects. The reverse is also true, three rows would have four objects each.
, .
obj. 43. Distributive property of Multiplication over Addition
lalb, from construction paper, clothes pins and string. !
24

Tie string from one stationary point to another so clothes pins can be attached.
Attach 6 clothes pins to the string line. .

\ OAOCOICr ] Lo
bl e
; .

‘e

Give 4 children 6 red circles each. Ask each child to clip one of his re(Lclrcles to each clothes pin.
How many red circles are on the line? 6 X 4 =24




. . . ‘/
Now slide one pin (circls still attached) to the other end of the line.

ot r__rI] —J
4 4 4 47 4 4

Ask the child to write a number sentence showing the number of circles on the left side of the line.

S X4=20
Now write a numiber seritence for the number of circles on the right side of the line.
| X4 =4

There are still 24 circles on the line as 20 + 4 = 24, therefore, 6 X 4 = (4X4) + (2 X4).

Now slide another pin from the left to the right side of the line so that 2 pins are now on the right
side and repeat the process to show that 6 X4 = (4X4) + (2X4).

Slide ano,ther pin to the right so that 3 pins are now on the right side of the line. Show by .the
process explained above that 6 X4 = (3X4) + (3X4),

- (Note: A child having difficulty with 6X4 may not have difficulty with (5X4) + (1 X4) or{4X4) +
(2X4) or (3X4) + (3X4). By using any one of these the difficulty is overcome.)

4
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OBJECTIVES

OPERATIONS, THEIR PROPERTIES AND
NUMBER THEORY ’

The child should be able to do the following.

1.

W &

SV ®Na s

Match mathematical operations with physical representations
(a) Select an appropriate mathematical operation for a given physicahsituation <
(b) Nlustrate, with words or pictures, a given mathematical operation

Use the symbols +,-, X, +,=, #, <, > correctly when writing numbeMggntences

Write a subtraction sentence relatea to a gi\ﬁn addition sentence. Write a division‘}entcncc related to a given multipli-
cation sentence excluding division by zero

Use commutative, assouatlve and distributive properties as mental or written computation is developed
Use the special propemes of zero and one as mental or written computation is developed

Tell whether a number is even or odd and tell why

Write the set of prime numbers less than or equal to 50

Give the prime factorization of any whole number less than or equal to 24

Discover and extend some number patterns

Demonstrate immediate verbal recall of

(a) any of the basic addition and subtraction facts

(b) aay of the basic multiplication and division facts through 50

Count by twos, threes,..., as well as by tens and hundreds, starting at different numbers

41
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RELATIONS AND FUNCTIONS

INTRODUCTION

»

Relations, the idea of pairing or corresponding in a certain order, is basic to all mathematics, Beginning even at rhe pre-school
level, the pupil, through experiences, can learn to recognize relations, to use them in formulating his own ideas and to show in
communicating to others that he is intuitively developing a pattern of organized thinking in nonnumerical situations. By using
relational thought patterns in his early experiences, he establishes readiness for extending these concepts in mathematical
situations as he meets them in his development. Therefore, it behooves the teacher to see that from the beginning a
foundation for correct concepts is laid so that unlearning will not be necessary later.

The objectives listed for this strand of the guide should not be seen as separate from each other, nor do they need to be
mastered in the order given. They should be considered in three major categories—(1) objectives 1-3, making comparisons, (2)

~objectives 4-6, illustrating relations which lead to the basic principle in mathematics of trichotomy of numbers and (3)

objectives 7-9, finding missing parts of given relations. Objective 10, reEording relations, should be realized as a second part of
each of the other objectives. All of the activities gen here should be used and similar ones should be devised. The activities
should not necessarily be fised in ‘the order printed but as the teacher feels they are needed in the development of the
children’s relational thinking.

Pupils encounter many nonnumerical relations: many can be found in stories for primary children. Some of these non-
numerical relations such as belongs to, is brother of and is in the same house as should be used before numerical relations to
illustrate the meaning of relations. These relations can also be used to lead into numerical relations since they can be
examples of correspondences of one-to-one, many-to-one, one-to-many or many-to-many. Such correspondences are basic to
the idea of number, to the relations equal to, less than and more ggan and to the operations with numbers.

There are several special kinds of relations with special names. One of these,called an equivalence relation, is associated with
the process of classification. Classification is the process of partitioning a set of elements into different subsets in which no
element can belong to more than one subset® This, too, can be introduced through nonnumerical situations. For example, a
set of blocks can be separated into classes on the basis of color provided the colors are distinct. Or, a set of coins can be
partitioned into subsets according to value. Such subsets, or classes, are called equivalence classes, and the relation exempli-
fied by their membership, same color as or same value as, is called an equivalence relation. When school children are classified
by grade in school, if no pupil can be in more than one grade, then the different grades represent equivalence classes, and the
equivalence’ relation is is in the same grade as. Equivalence relations are very important in-mathematics. The most familiar is is
equal to, but many others are encountered as the pupil progresses through mathematics. :

Another special kind of relation is that known as a function, or mapping. Although the concept of a function is one of the
unifying themes of mathematics, it is unwise to introduce pupils to the concept by giving a formal definition. If the pupils
have sufficient practice in pairing elements of one set with elements of another while studying relations in general, those
having the special property required of functions will not be difficult to identify. It is for this reason that early activities on

’ relations in the guide include the suggestion that pupils write out the ordered pairs associated with a relation. It is also

suggested that pupils make graphs of relations. As the pupils observe many different kinds of graphs, those graphs charac-

terizing functions will stand out in sharper focus.

~Also important in mathematics are the special relations called order relations, such as more than and less than. These are used

v

Q
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when such concepts as heavier than, longer than, darker than or thinner than are being considered. Measurements such as
those of time, capacity and length consist of ordering the quality to be measured and then assigning numbers to correspond®
to that ordering. Thus the numerical order relation makes precise the intuitive one.

Activities in this strand include suggestions for in?tfroducing pupils to relations in general and to the special relations discussed
above. As with other strands, the teacher will need to select those which are appropriate for his class, and supplement them as

42
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necessary. It should be re-emphasized, however, that familiarity with relations in general should precede formal work with
special ralations. . )

Mathematics can be viewed 2s7an entity of systems each consisting of the following components ~ sets of elements, or basic
units such as whole numbers, rational numbers, or points; relations or comparisons of these elements, such as equal to, greater
than or congruent to; and operations such as multiplication or set union. Therefore, throughout each strand in elementary
mathematics, recognizing and using relations constitutes a basic activity in which the pupil must engage in order to under-
stand the concepts included in that strand.

»
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Objectives
Keyed to
Activities

obj.
1

obj.

obj.

obj.
2a

obj.
2a
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RELATIONS AND #FUNCTIONS

3

ACTIVITIES

[

Before children can sort objects they must be able to recognize differences and similarities between
them. To introduce this idea use the children themselves.

Ask two b&s to stand in front of the class. Ask, *“As you look at these two boys, in what ways do
you see that they are different?”” Some examples of ways they might be alike are ““They both have
brown hair, blue shirts, brown shoes, two ears, two eyes and one nose.” Some ways they might be
different are “One has brown eyes and the other has blue eyes one has solid colored pants and the
other has plaid pants and one has longer hair than the other.”

Hold up two objects and ask the children, *“How are these-alike and how are they different?” For
example, hold up two toy cars, two dolls or two flowers. Repeat this a few times before using
number 3. . ‘

Provide a set of logical blocks or a set of cardboard regions. These blocks should be in four shapes
such as square, trangle, rectangle, circle or diamond. Each of these should be in two sizes and three
colors such as red, yellow and blue. If blocks are used, it is possible to have two thicknesses so that
in addition to the three attributes of size, ‘shvape and colﬂ)‘r, there will also be a fourth one,
thickness. L ‘ T
» a. Hold up one of the blocks or regions and say, “Here is a block (or region). What kind of
block is this?” If it is a block, it will have four attributes. If it is a region, as described
above, it will have three attributes. Accept these attributes as they are named one at a time
correctly. For example, the teacher may have held up a block that was a large, red, thick
triangle and some children would have said, *“A big block” or a *‘red triangle.”’

b. Hold up two blocks and ask “How are these blocks alike?” and ““How are these blocks
- different?”’ First use two blocks that are alike excepg\for one dttribute such as one large,
red, thick triangle. After a few pairs of blocks with ome different -attribute, hold up two
blocks that have two diffegent attributes such as one large, red, thick triaggle and one small,
blue, thick triangle. Repeat this until the children are able to recognize the attributes of the
blocks and the differences and similarities between two of the objects.

Gather a set of objects, such as buttons, needles, thread, doll clothes, doll blankets, toy plates, toy
cups, toy saucers, etc. Ask a child to sort the objects. At first the child might sort the objects in
different sizes of buttons, kinds of doll clothes and so on. Later the child will probably sort all
buttons together, all doll clothes together and still at another time mayyplace the doll clothes and
doll blankets together and.toy plates, cups qnd saucers together. '

Make three or four closed curves from lengths of rope or heavy cord to use as enclosures for sets of
logiﬂblocks as described in activity number 3. Ask some of the boys to place all of the triangular
region? in the interior of one of the closed curves. Ask some of the girls to plaee all of the.circular
regions inside of another closed curve. Ask a different group to place all of the square regmn&msxde
of another closed curve. Ask a different group to placc all of the square regions inside of another

closed curve, etc. : :
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obj. 6. Use the logical blocks or the cardboard régions as de’scribed'\'h activity 3. Ask a child &o begin

1,2 . sorting the set of blocks into two sets according to some relation which he had in mind. Ask other
children to d|s70ver the relatlonshlp between the objects within each of the two sets and continue
the sorting. » ‘

| / Example

R J
All polygonal regions . All circular regions
" obj. : 7. Use the logical blocks or cardboard regions described above. Use two overlapping closed curves. Ask
2a one teamn of children to place all of the circular regions in one oﬂthe closed curves and another

team-to place all of the red regions in the other closed, curve. Let them discuss among themselves
where the red triangles should go until each team’s task has been accomplished. The shaded area in
the drawing should contain all of the red triangles and only the red triangles.

s
3
. Set of all red regions 5 Set of all triangles
obj. " 8. To help children at a later stage develop the notion of the inclusion relation, e g. the set of square
2a regions is included in the set of rectangles, the following actwny could be used. Ask a group to sort

out all of the rectangles regions and -then partition this set into two subsets (squares’ and non-
squarés). Use two closed curves as shown and ask which set, the squares or the non-squares should
be placed in the inner most curve’

closed curves or rope or cord
L3

“‘obj. 9. a. To introduce. this activity hold up two logical blocks or two cardboard regions as described in
1,2a C activity 3 which have only one different attribute, for example, a large, red, thick cirele and, 2 large, .
~ : blue, thick circle. Ask the pupils, “How are these blocks different from one another?” Repeat thls
number of times, but be sure that one different attribute is not the same each time. The" one '
difference in the example above was color, therefore, use shape, size or thickness for the one
difference of the net pair of blocks.

b. Ask a child to pick out a block (from a set of blocks that is a mixture of shapes, colors and
sizes) and place it on the floor. The next child is asked to pick out another block that is exactly one
property different from the first block and place it next to the first block, etc. Ask children to
continue placing blocks in a row in this manner until all of the blocks-have been used. For example,

< if the first child picks a-large, red triangle, the second child pick a lﬁfge blue triangle. The third
child could choose a small, blue triangle and place it next to the large, blue tnangle hach child may
tell the class the way in which his block is different from the previous one.

45 -
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The game may be varied in many ways such as placing the blocks in 4 circle instead of a row or
picking out a block different. in two attributes. For other activities consult the reference list.

obj. 10. For activities to introduce relations of order, such as larger than, longer than, taller-than, to the

3,10 right of, weighs more than, etc., sets of objects in the classroom which have-a range in size could be

: used. They could be arranged vertically or horizontally in order of size. If objects are not on hand,
paper cut in square shapes or circular shapes can be used.

=

blocks paper - ‘ blocks
5 . ‘
“ obj. 11. Ask each child to hold up one object each (book, ball, pencil, chalk, etc.). The relation is holding
4a,10 could be observed and recorded.
The symbol for the relation of in recording is —
’ The specific relation being used is written above the arrow.
This type of recording is called mapping.
is holding 7
>
Tom ——————p book
Jan —————— ball
Sue «—————p pencil
Yohn—— @ chalk
obj. 12. Stories used in the primary graqﬁ"' provide many appliéau'ons for rel‘ation'ships. The story, “The

4a4c,10 Three Little Pigs,” can illustrate the relationship built house of.

built house of

First Little Pigm——ow——p étraw
Second Little Pig ————— sticks
Third Little Pig—— g bricks

The story, “The Three Bears,” can be used to illustrate the relationship belongs ro and later the
relationship larger than,

belongs to
_—
3 The little chair
. The little bO“’%Bab)’ Bear
, The little bed

obj. 13. Each girl wearing a red, green or blue dress can place a square piece of construction paper of the
4 corresponding color on a chart, similar to the drawing below. The name of the girl can be written
on the square before she places it on the chart.

DRESS Ruth Peggy] }
COLOR 4
CHART Betty Mary Dot
Jane E Sue Ann
RED GREEN BLUE
46
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This relation could be recorded in other ways. In the recording below is wearing is the shorthand
for the relation between some girls in the classroom and the color of their.dresses.' :

is wearing
_—

] a‘ne ' K » 7
Ruth>>Rcd,
Betty

Mary_____—.5-—-'-‘Green
Sue >

‘ obj.

4a,10

obj.

4a

obj.
4b

obj.
3a,10

—

Peggy / ‘ | \ :
_ Ann
14. To illustrate one-to-one correspondence one might pin rectangular pieces and circular pieces of ,

corresponding colored constructlon paper on a display, and connect the correspondlng colors with
yarn or string.

[Ted]
(blue]
[yellow
v [green)

hd

15.9 Activities for matching or one-to-one correspondence might also arise from classroom activities as
one child to desk, one cookie to each child or one piece of paper to each child. Many matching
situations could arise from activities at home as each plate on the table to one person, one chair at
the table for each person, one toothbrush for each person, one scoop of ice cream cone, one

drinking straw per glass.

16. Ask the children to keep a weather chart for a week or a month. They may map the dates to tt}e
kinds of weather, such as, sunny, cloudy, rainy, etc.

1

-

weather on
sunny “—% September 4
) ’ September 5
v ~ cloudy September 6
' - September 7
_— rainy - —p September 8

17. For many-to-one relations, thie names of the children could be illustrated by constructing a birth-
day chart or gaph.

Example

was bomn in the month of

.
v

Jan '
Bﬂl>August
Joe
Gladys~\>.
. B Soptember .’

Ann——"

¢
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Another way of mapping the relationship of the chitdren to the months of their birthdate is shown

here. : L4
. Jan ’
‘ Bill August
JOC o
: Ann September _
' Gladys 3
obj. - 18. Examples such as two gllgc;s to each child, two eyes toeach child, two gloves to each child may be
4c - used to illustrate two-to-one correspondence.
obj. 19. Arrange a set of S counters ofor)eé)%y\and a set of 5 counters of another color as follows.
4b,S N\
~ \O O OO O redcounters
. O O O O O green counters
~ Quiz a child to see if he agrees the two sets have the same number. Then spread-out the counters in
~ one set as follows and see if the child still says they are the same in number. )
O O O O O red counters’
O O O O O green counters
If the spatial configuration obscures the number idea, the child does not have understanding of the
relation as many as or has the same number as. ' .
abj. . 20. Activities to illustrate the relations more than or less than should show that in matching two sets
4a,5,10 there may be one or more elements of one set which cannot be paired with elements of the other
T set..Activities may be performeg and recorded. The children could pair themselves such as gifls with
; boys to see whether there are (a) more boys than girls, (b) fewer boys than girls or (¢) as many boys
as there are girls. Or a set of apples and a set of plates may be corresponded and recorded as shown
* below. .
. R Lo
ob;j. 21. On the bulletin board or on a flannel board match sets of objects in one-to-one correspondence.
2b,5 These sets may be varied to fit the scason. For example, ghosts and jack-o-lanterns may be used for

Halloween, Christmas trees and stars may be used for Christmas, etc.

. has the same number as
% ‘

-

Arrange four sets of figures randomly on a flannel board, each showipg the number property 1,2, 3
or 4. '




Discuss with the children the number property of each set, and then ask a child toiplace under the
sets the numeral indicating the nufnber property of each. Then ask the child to order the set of sets
accor(hng to number property. Take time to discuss with the children why sets were ordered in this

@
[OITIBIS)

obj .
1,2b

obj.
2b

obj.

obj.
5,6

23.

24,

26.

Make a collection of pictures and sets of objects which suggest the numbers 1-10. The collection
should include many represertations of each member. For example, two buttons tied together, two
safety pins pinned together, a picture of two children, a pair of shoes, etc. Provide a shoe box and
label each box one of the numbers 1-10. Ask the children to sort the items.

The child should make patterns of ways objects can be arranged for -easy recognition of small
numbers. Arrange pictures on the bulletin board in various patterns, small pictures in patterns on
flash cards, and finally dots and small symbols as represented here. (At first it may seem more
efficient to have one pattern for presenting a number such as three, but by working with all the
patterns of three the child will accomplish this more effectively for later use.)

° ]
Arrangements for two can be e oreeor eor :’

Three as o o o E B
] e . v T ST R
. FOU[ as - cose : '., () oo :.. .Q: .el ®
Five as soscee M “ cee oo
oo E oo $o »* : Ld o *%% oo
oo s ocoe * o .

(The eye span of the small child will probably not take in more than three dots in a straight line.)

. Give the ordered arrangement of children seated in a row such as, John, Bill, Mary, Tom. Name or

write a set of ordered pairs to show the relation is to the left of and the set of ordered pairs to show
the relation is to the right of. .

-

Example , .
Is to the left of - {(John, Bill), (John, Mary), (John, Tom)}
Is to the right of i (Bill, John), (Mary, John), (To;n,lMar'y) } o .

After experiencing activities of non-numerical order relations, the children should have e#}&'r‘iences.
in using numerical order relations, particularly those of ordinal numbers or counting. Further
activities of numerical order relations should be given for the fbund;_ztion of inequalities.

For example, given the set {1, 2,3,4,5 2, state the set of ordered pairs with the relation is /ess
than.

Solution
(12) 23) (3.5
(1,3 24) . (49
(1,4) (2,5)
(1.5)

These may also be recorded as 1 < 2,1 < 3, etc.

o
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obj.  27. After activities such as 24, the children should have activities involving co\mpound statements of

5 inequalities, such as, 5 <7 < 10 or 8 > 6> 3. A number line should be used in these activities.
< . : i

obj. 28‘5. The mapping of many-to-one leads to partitioning or classifying, which consists of separating a set

2a,4,10 into two or more subsets based on a given rghmon Each subset' is called an equivalent class,

therefore, any two objects in the same class are said to be in the same category as. (Notice .
equivalent does not mean equal) Chrldren should first eXpenence activities of partitioning a set
into two subsets. ' v

W+Mu%mmﬁpmﬂwmwwmmmﬂf—

sink. The set of objects should include some large ob]ects which sink, some large objec.ts which

float, some small objects which sink and some small obJects which float. Befote ‘each object is

placed in the water the children may predict in which class the pbject belongs. Encourage each

child to tell why he thinks the object will float or sink as he makes his prediction. Record the
s findings of the two classifications of the objects by listing things that float and things that sink.

b. Display a number of objects in the classroom used by the chrldre'n for classwork or for play,.
Have the children to partition the set into two subsets, (1), for work and (2) for play. Then record
their categories. . , b

A

math book . ~a
pencil work ©
ball . .
tablet o
jump rope play
bat -
chalk ’
" math book Cball
N ( . pencil bat
' tablet jump rope
chalk

" Dol

obj. 29. List the names of the objects and those categorres as shown below. Have pupils choose correct
24.10 category of each as indicated. “

students’ desk
reading book

pencik books
scissors\

teacher’s desk furniture
table

dictionary

ruler tools

chair . .
N .

T 50
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Then have the children write the names of the objects in a diagram similar to the one shown here.

- T ., dictionary . chair ' scissors
oo I reading book table . pencil
: : . teacher’s desk : ruler -
- & © students’ desk” )
— : i ,
obj. & *, *. - 30. Alist of members of a family is given. (mother, father, An;r’:John, Sue)
9 ) ’ List the members of the relation is the brother of. )
Solution . (John, Ann)
(John, Sue) - i
List the members of the relation is the father of. . .
Solution ' }(father, John) =~ T S
s (father, Ann)
(father, Sue) : s
."obj. ) 31. This activity provides a background of experiences in partitioning of numbers which establishes
4c,l equivalence relations, the basis of many topics in elementary mathematics.
The operation of addition assig;ﬁs a definite number called the ‘sun:’to each ordered pair of whole
numbers. Addition maps ordered pairs of elements of a set into single elements of the same set. A,
-~ recording of such mappings might be as follows. : ' ‘

' 3

add to
» )
(4, 1)75
(2,3
2,2)—p4

42 |
L 3, S

List some ordered pairs of whole numbers with the relation “add f0,” and ask the children to state
the sums. The plus symbol (+) has not been used up to this point and should not be introduced
until the children have had experiences of this type.

The children will probably suggest that there are other patrs of whole numbers which have the same

sung. Lead them to find the other pairs of whole numbers whase sum is 5, those whose sum is 4 and
those whose sum is 6. Record these.

add to add to
— —_—»
(0.4
(1,3
(2.2 4
(3,1)
(4,0)
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This should be carried furthér to include other sumis to lead children to generalize‘that in each sgt
the ordered pairs add fo a specific number or sum and forms a separate partition or class which
they will later call equivalence classes$

. ) Recordings
o 2., B £ I ‘
. ey 3 1 3
, 2oty 4 2 4
3 5 3 —5- : ;
' A
4——ap6 44 6 R
5 m—p] L i 5 7 1 . _ '
o——>38 - ! 6 8 [“; ) . ,9.-‘;
obj. . 32. Put the following on the board. _ ‘ P '
78, SRR I s
© 9,10 “CS 2 vV "“Here is an add 2 machine. Every number. I put.in Has 2 added _
A T o
o N7 V, “Suppose ['put a 3 1nto the machine, What number comes
. ®2 1 %y _
, ] N
' / 7 1@ 2 r? “Suppose Iputa? ir{t'o the machine. What comes o'u‘t? )
/ V@ 2 V ‘ “Now suppose I got an 8 out of the add 2 machme "What
,A___;_.J\ number went m"”
Supply as many examples as you Wwish. You should also use other machines such as add 3, add 5,
subtract 2, etc. Aftér the children are familiar with how the machine, works, put the following on
the board. C, z ‘ j
5‘ ? Ig “What did this machine do to the 5: what kind of machine is
A 0t it?” '
Give several examples.
Then go to mixed missing facts machines,
NS .V, NN« Va N o V.
s®s 2 NCK 8 1w ?
Find some pairs for this example. ?‘Ej 2 l’, : ‘ “ , .
A~ N
/s +2 !
' 117
Then go on to the table form. 2| <
oi)j. 33. Given a relation expressed as an open sentence such as [J+ A= 8, tell the children tc find as many
9 - pairs of this relation as he can.
obj. 34. (a) Finding differences gould be shown by using a subtraction fnachine, such as a rake three ~

7 machine.

(b) Subtraction could also be shown by giving the type of addition machine, such as add four and
the output and asking, ““What is the input?”’
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“obj. ( 35, State the.input and’ output of the machine and ask, “What does the machine do?” or “What is the

8 _ operator? : e o
Example . : ef ‘
Ny NV v .
SRR EEE : _
’L N 4 N g N . . ‘.
A ‘
N - N
":'Recordings. _ e
s " 3—6 . i 6 a \
v . 47 4 7
’ ' " S——p8” 5 8
6—=D9 3 9
T—pl10 7 10 | L
* The operator would be “+3." ' '
' 3
e
- P
) A ,'yl?.*’:*
4
53
. Al [“-’
&) . Yo




~OBJECTIVES ' e

li

Thechitdshould be ablﬂo‘d’“ﬂl‘e‘f’ﬂowmg I S—— : D —
1. Make comparisons by fmdmg sunilarmes and drfferentes between two Ob_]eCtS
2. Sort objects or symbols using the following

(a) non-numerical xelatxons and’ :

-~

®) numencal relations . ) P
3. Place objects in"order by using a property such as length " S ‘/ﬂ
4. Demonstrate correspondences such as the following ' ’ v ' : ) ‘
(a) one-to-one _ “ , y g e
(b) one-to-many .. _ o
(¢©) many-to-one e ] o ;‘g *2
(d) many-to-many ST .
Hlustrate the three basic numerical felatrons of greater than, less than or as many as (equal to)
_ Order two or more given numbers
Find a missing element of a pair when one member of the pairand the relatrpn are given
Find the relation when a set of pairs is given

Find same pairs of elements when a relation is given * -

© © ®J.o

Picture or record relations, first using objects for representanons, then byfusing dlagrams or mappmgs and later by using

’

tables and graphs c ' ,

e

S8 g | %
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' GEOMETRY L

N

20

INTRCDUCTION B ' ]

’

" . The study-or geometrysz'houla accompany the study of arithmetic from kindergarten through all the grades. The child’s entire

environmer.t*is compo

d of various geometrical figures, therefore, he needs to be able to recognize and understand spatial
representations. : : ’

’

Geometry is the study of sets of points, that is, sets whose members are points. This does not meanﬁat‘the concept of point
should be developed first; on the contrary, the concept of point is an abstraction to be developed through experience. What it
does mean is that care must be taken by the teacher to provide the proper contexts for this abstraction to take place. For
example, in geometry the members of a set of points are seldom listed. Instead, a diagram is usually drawn to indicate the
particular set fib be considered. As with alisting, a diagram should indicate all‘the points and only those points to be included
in the set. Thus if the points inside 2 square are under construction, the picture would look like @ and not like . Such

" distinctions become important when measure is involved. For e mple, area is appropriate for M (called a_square disc),

perimeter for [J (called a équare).'ln particular, thé diagrams for'geometry are not like the cartoon figures used to illustrate a
story; the child is expected to mentally visualize ok fill in/from a sketch such as To—o} but not the diagram of a
triangle (A). Although the orientation of a set of points i seldom important, recognition of sets of points under various

" orientations is-important; a'baseball diamond, for example; is a square. o
: N .

O

Q

RIC

For the primary level child, geometry is probably best thouglit of as exploration of Sp&e. Recognizing various orientations -
the basebgll digmond as a square, for example — exemplifies one kind of exploration of space. Recognizing relations
represents another. Such exploration takes time and requires firsthand experience. Telling in order to save time can deprive
children of this necessary foundation. The activities described in the following pages suggest ‘ways in which children can
become involved in Jearning geometry. The alert teacher will find many occasions for extending and reiriforcing the ideas.

4 <

The Teaching of Vocabulary in Geometry

Just as the distinction between number and numeral is important in arithmetic, so precis€ use of terminology in geometry can
help clarify the children’s undeérstanding and avoid mggconceptions. However; caution must be used to avoid emphasis on
wordest dy at the expense of the more important ideas. The number and kind of activities suggested here reflect the intent of
the fcmttee that the bulk of the time devoted to geometry be spent in allowing the children firsthand experience with
ideas and minimal time in word study. ' ‘ - -

' . a : . ’
The best test of whether a child understands the meaning of a word is whether he uses it correctly to express ideas. Thus for
geometry, primary children should be able to use words such as curve, berween, unbounded, etc., correctly when they ask-or
respond to questions.

The glossary at the end of the guide, or a mathematics dictionary are preferable to a general dictionary for determining
technical distinctions. E'or examiple, in mathematics, infinite and unbounded are not synonomous, whereas furm is an
acceptable substitute for the word rotation for a young child. For the primary child, word meaning will, in general, be learned
in context, thus the responsibility for clear understanding and precise usage falls heavily on the teacher.
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GEOMETRY
™

OBJECTIVES ACTIVITIES _ | ‘
Keyed-to \,/ . ' - - .
Activities ' ' ‘

obj. Sl Itis easy for children to make the distinction between figures such as 0 vs € . Have the
la * children hold hands ard form vanous shapes such as A, O, 0, ¢ called collection 1. This will
illustrate the equivalence of these ﬁgures in what is sometirues called rubber sheet geometry. They
should readily undeistand that it will be impossible for them to forma,0,0r wab. in this way,
called collection 2. A mixed up collection of pictures ‘drawn on the board for the‘ch en to tfy to,
p make should lead them to sort out the can makes from the can’t. makes. They ¢an further undet-
T oy stand that by joining hands in a different .way shapes such as o, nand v o, called collection 3,
© can be made by moving iir position. However, because they have to join hanés m a drfferent way,

these figures are not equivalent to the frgures in the first collectloh B S u;;: '

. _( i

Elastrc thread or rubber bands could be used instead of children to rllustrate the equrvalence of the

~ figures in the first collection which are called simple closed curves. (Note: The word *“alike” can be
used with the children instead of the word “‘equivalence:”” The word “similar’” should not be used
in this connection because similar means having the same shape. See discussion under activity 19. )

obj. ) 2. In playing the “ang -Ring” Gr.me use a long String, put a rmg on thé string, and then tie the two

Ia _ ends together. Place children around the string, and have them hold on to it. With eyes closed, the
‘children pass the ring around the strmg until the teacher or selected child calls, ‘Stop! Who has the
ring?”’ Children open their eyes and guess. However, if. the string is tied like any one of the figures
in col]ecnon 3 under activity 1, the child holding the end of the string cahnot get the ring.

obj. : 3. An additional way of illustrating equivalence and non-equivalencﬁs as follows. Divide the class into

la three groups. Give one group pieces of yarn which have not been tied, a second"group pieces of
yarn which hate been tied but have the ends hanging free and the third group pieces of yarn with
the ends taped together. Show them illustrations of shapes which are possible to make, such as
53 Fand S
Let them decide which shapes they can make with their yarn as it has been given them. They
should discover the equivalence. of the shapes which can be made within each group and the
non-equivalence of the shapes between the groups. »

otf. 4. Use modeling clay for making discs, to show the equivalence of all discs, simple closed curves ph -

la: ’ . their interiors such as . A As the children form and reform the clay, they will see that they

o~ cannot form A or (& without breaking the clay or joining it in a way that it was not joined

o before.
P : N

obj. 5. To show equivalence of space figures, a balloon is useful, since as it is blown up, it may assume

la - ’ various shapes all of which are equivalent. The geometric solids such as sphere, pyramids, cube, are,
of course, hollow and are equivalent to the balloon. Boxes with tops, such as oatmeal boxes as well
as rectangular boxes make better models than wooden blocks for showing equivalence to the
balloon . —— :




. obj. 6. For a further illustration of the kind of equivalence presented iif activities 14, draw a figure on a
~la broken balloon. By pulling the balloori-varying amounts in different directions, thé figure will be
distorted into other shapes. As long as the sheet of rubber s not broken or folded, all the
dis rtlops will be equivalent. For other actmt&es consult- the annotated references llsted in the

section Utllizatlon of Media. :

-J.

]

obj. 7. To illustrate rotations (tums) make a.demonstration card with a desrgn in one corner. Demonstrate

b that the design looks dif! erent wherf the oard is given a quarter turn, half turn, etc’, i.e., the design
will be in a different corfier, ipsid dOWn tc. The overhead projector could be used effectively for
this xllustratlon o

Next'give the children the problém of plckjng ou‘m a page of drawings those whrch could be a
picture of the card rotated. Each child should have # small copy of the demonstration card to use
to determine his answers. The page of drawings should include pictures which could not be made
by rotation, as well as those which could, and the two kinds should be mixed so that each picture
poses a problem. For example, if the demonstration card looks like ,then | </ or
cannot be made by rotations, but or can be. made by rotation.

This activity should be repeated with dlfferent designs, and, as the children become more adept,
dlfferent desrgl;ls in two, three or four corners of theicdrd should be used

- < “obj. ’ ~ 8. If a transparency has been prepared. for the exercise on rotatjon, it can be used to show reﬂectron
Tb. e Lsimply by tummg the acetate sheet d\'er o : o
e ' B a . , . .

. ' ) h ‘V' / ‘ ’ '
e \ "' :
at g / ‘ ' ’

y : > . .’ <

. K _ can become v v or >
. . T . The children should note that neither of these can be obtamed from this card by rotatmg lt asln

the previous activity.

obj. 9. Still another. way to show reflection is to. have some chlldren use a felt-txpped pen and draw a.

Ic . ‘ design on some kind of -absorbent paper such as:newsprint. THe ink will bleed through and show 2
N retlection of the design on the reverse side of the sheet. ' . -
’ . : A worksheet similar to the one used in studying rqtatron should be prepared again contagung
Tyt examples which could and could not be obtained by reflection. .. -

ob‘j.'.y. PR '10. The mirror cards, listed in the section on Utilization of Media, are excellent for studying reflection.
Ic yo oo - Also, ink blots and paper folding show reflections, as does cutting out designs by folding the paper
' : and cutting through both thicknesses.
obj.’ X 11. Copying designs on squared paper is a éood way 6%llustrate uniform stretches and shrinks, The
le model as illustrated could be prepared on a transparency or the chalkboard and then copied by the

children. The child’s copy may be larger or smaller than the model.

When the children study maps they have another example of copies in miniature 5f some geo-
graphic subdivision. (Note: Recognizing figures which are enlargements or miniatures of others is
probably easier for children than recognizing figures which are rotations or reflections of others.)
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obj. 12. A work sheet would be helpful to check children’s understanding of the various ways in which two
1 . point sets may be considered to be alike On this sheet there should be gxamples of various kinds of ‘
o equivalences explored thus far and a few should not- be like any others on the page. Have the
children tell which are ,alike. Some, drawings should look as if Yhey have been turned around,
flipped over, etc. Some examples which might be included are shown here.

Ul *{[H]D’ILA

Block designs offer another means of checking the children’s understandmg of rotations and reﬂf'r'
ttons For e'(ample ask “Which of the followmg are lrke thts pattern?”- (W Whtte R Red,etc)

v

choiees",,, ; .
B e - /
% are , -
o b N
¥ " S

se real blocks for younger children and pictures for older ones. S v _
obj. 13. The children are probably familiar wik. inside the room, ourside the house and other similar terms
2a ) which illustratc the fact that simple closed surfaces such as cubes, spheres, cyltnders have an inside

and outside. The children need to understand how to precisely use the terms inside and ou!srde‘ »
with regard .to geometry. For example, a block of wood does not have an inside bug a wooden box -
does. The outside of the box or black does not include the object itself. To extend this notion to .
simple closed curves-in the plane, draw a ring, or lny simple closed curve on the floor and place
toys inside and outsid€ the closed curve, Ropes, hoops or children holding hands may be used for

_ closed curves, and other children could place themselves inside or ouitside. A closed box such as a
shoebox can be used to cunvey the idea of inside and outside a srmple closed surface. '

A good problem for older children to discuss is this. Suppose you have point Q tdenttfied tr)sx‘dt?ar%
srmple closed curve or on a surface. If the curve or surface is'deformed into gn. gquwalen rg%
will Q still be on the inside? A diagram drawn on a piece “of broken balloon can be a help in

e

deciding the correct answer. D L -;, R

. P . - \5\ . ) e T
obj. 14. In plane geometry, the words “parallel” and perpendlculhr are used with reference to srratgh!
2b, 2c lines in planes, but this is not true on the sphere. For example, the line down the middle of the

road is parallel to the sides so long as the road is straight: When the road curves, we would say, that'
. the mid line and sided are concent:ic, not parallel. The child should have the concept of straight-
" ness as applied to lines. The everyday use~of the word does not quite agree with the geometric idea, * -
however. For example, a fold in a piege of paper will be straight even if the edges are not together.
Also, walking catty-cornered across the street may still be walktng a stratght path. .

Some models of straight line segments are lines on writing paper the edges of boxes and the
intersection of walls and/or floors of the room. Since these tend to bé either horizgntal or vertical,
some activity is needed to demonstrate that orientation or direction is irrelevent. For example have
two children hold the ends of a rope stretched taut. Have one child stand still and the other'rhove
around and raise or lower his end of the rope, movtng toward and away from the class, always
holding the rope taut. This example shows a few of the many lines through. the one point,
represented by the child who is standing still. To prevent any miSconception, then, both children |

. should move to a new position. In this way, the children will begtn to develop an idea of the -
unlimited number of lines there are in all of space. A line, of course, is unbounded, as suggested by
the arrows drawn on the number line, so that the rope actually ShOWS only a line segment. This
should probably be potnted out to the children, but not pursued in depth at this time.

4
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obj. 15. The children have seen parallel lmes such as lines on the writing paper, but they need this brought
2b o to their part.lcular attention. To'do this, have them fold a piece of plain paper accordian style to &
' make a fan. If the folding is typical, some folds will be parallel and others will not. To note the
distinction, they will need to think about what would happen if the folds kept going.

" obj. .16+ There is a way to fold paper so that, when properly done  ‘parallel folds will ensure..The method,

2b illustrated in fig. 1, is to first fold a sheet of paper, then place the folded edges together to make a

' segbnd fold (note thls makes a right angle). Again place the folded edges together to make a third
{The second and third folds illustrate paralle] line segments.

18t Foldd
7 1t Pobd R
- 7 Y
o L./

led Fold

2ad Fold

The children should be encouraged to look for further examples of parallel lines in the classroom
and elsewhere. In doing this, some child i$ likely to notice that there are lines which do not meet
but are not parallel either. These are calléd skew lines. To explaif¥ that two lines must be in the
same plane to be called parallel but without using the word “plane,” (since the child at this level
Ca ) should not be expected to know a definition of plane), lead the children to see that parallel hnes, ‘
are those which could be drawn side by side on a flat surface like the /ines on their paper. ‘.

L3 17;_

A :

~N

For example, a and b could be drawn side by side on a flat surface, hence are parallel; on the othe‘}
hand, b and ¢ could not be drawn side by side on a flat surface nor will they ever meet, so they are
skew lines. A test for flatness, if this is necessar- ., would be to place a ruler edgewise on the surface
to see if there are no gaps under it. This approach avoids the use of the term “distance”” which may
not be well understood even if it has.been introduced earlier. '

The term “perpendicular” is used to describe two lines or segments which form a square corner
(right angle). As mentioned above, paper may be folded to show a square corner, and there are
many examples of perpendicular lines to be found in the classroom. The term “perpendicular” is
also used to describe a relation betweer i}i line and a plane (also two planes). An example of this is
the corner of thg room and the floordifheaconcept of plane may be difficult for some young
children to understand, therefore discre lon is needed in the use of the word. In contrast, the idea
of the disc — a bounded flat surface or portion of the plane — is very easy to understand. Care in

the use of language will avoid misconception. R

To illustrate vatious relafiofls between line segments such as intersecting, parallel, perpendicular,
have the children construct models of the skeletons of solids including pyramids, cubes and prisms
with plastic.soda straws and cleaners. Pipe. cleaners make good joints since they can fit inside the
straws and be bent at various angles. Let the children decide for themselves the number of straws
~.needed and their arrangement by handling plastic or cardboard models of the solids.

T

. P .

: obj. i9.” Recognition of ‘the relatlons same shape as and same size as should be a natural by -product of
1d,2d,2¢ , --the activities already described, but will.need some expansnon Two point sets may be considered -
. 1'- alike, for example, without’being either the same size or the same shape (in rubber sheet geometry)g
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4
under uniform stretches and'shrinkages two figures which are alike will have the same shape but
will not be the same size; under turns, flips and slides, two figures which are alike will be the same

size and the same shape.

The concept of being the same size as is a subtle one and probably begins with the recognition that
sometimes one thmg fits ex tly over another. This is called congruence. Thus the Activities devoted
to turns, flips and slides are Jmportant As the child selects pictures which could or could not be a
figure turned over, turned around or moved in some other way, he is leamlng to select those which
can be made to ﬁt exactly. A line segment which can be slid onto another, for example, provides a
model for the child for the phrase “same length as.” When he later learns to meagure, it will ma
sense to him that he should get the same number if he measures each segment,

';S
Accepting as the same size things which have the same measure, for example two g
uals, one tall and one short, is quite another maiter and requires more maturity of the part of the
student. In the examplé’:‘.:}USI cited, By weighing the individuals we may not be measuring the
attribute which the student thinks of’as size. If measurement is to be made meaningful, there must
be recognition of the attribute being measured. Thus the prescription here is for introducing the
child at an carly age to motions, with attendant practice in deciding whether things can be made to
fit. In addiffon, recognition that no motion will make [J fit exactly on W alerts him to the various

attributes which two figures may have.

(NOTE: Activities 20-23 all provide first hand experience with arranging units. These units should
be placed so as not to overlap, a basic step in measurement. Also involved is the selection of an
appropn’été unit such as tiles or discs for covering part of a plane, straws for paths and cubes for
filling space. These remarks should not be discussed with the children, but the teache hould be
alert for all counting opportunities as the children work )

20. Give each child three blocks of the same color vith instructions to see how many different patterns
he can make. The patterns should not be alik« ., turn, flip or slide. The rules are that no gaps must
be left between blocks, and they mus. be put together only at corners orwhole sides. Discuss how
many possible patterns can be made with three b.ocks. Ask if the childgen think all patterns cover
the same amgunt of space.

Repeat with'four blocks, five blocks a. morc s iKe maturity of the children dictates. _

e

21, To build a basis{or later study in measuring volume, after a child has built a pattern, say [ [ ] forg
six blocks, ask how many blocks it would take to make the design two blocks high, three blocks
high, etc. Care,;hould be taken that in the beginning the children use irregular shapes such as the
example given. Then when at a later time tegular arrangements are selected for special attention,
they will have had first-hand experience in counting blocks and can appreciate the computatlonal

e

shortcuts which regulamy provides. - -

22, For young children the activity of building patterns is also called (iling. The children will need
colored construction paper and cardboard or plastic tiles of various shapes. Large size parquetry
blocks are also appropriate. Some suggested:shapes are illustrated below.

Each child or group of children’ will need about 13 of a particular shape tile to work with at ofie
time. Although all the children need not work with the same shape at the same time, by the time
the activity is finished each child should have had the opportunity to work with each of the shapes

6l
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available. The instructions to the children should be to try tg cover a portion of the construction’
paper with a certain shape tile so that there are no gaps or,pverlapping edges. The problem they will -
be solving is to determine which of the given shapes will cover the portion of the paper. Thus at ..,
least one, preferably more than one, of the shapes which they have should not work. The construc-.
tion paper should be of a contrasting color to the tile so that it will be easy to see wher’ theresare .
no gaps. Some children may be interested in using other shaped tiles (the diamond for example). Ah‘» v
the end of the activity there should be class discussigp leading to the selection of those shapes
which will cover. Ask the children to predict others which could cover. ’

23. To make paths,the;"children will need soda straws or sticks such as Tinker Toys, all ot the same
length, and a map drawn on tag board or newsprint. The map should look like this.

) L. ]
g . .

v; s

“ The map-should be carefully made so that each side of each square is the same length as one of the
straws. The first problem for the children is to.-determine the number of straws it would take to

" make the map. When they have determined- this, possibly by laying out the straws on the map, the
next problem is to determine the number of possible paths from A to B, staying on the lines of the
map and only going up or to the right. Plan so that ample time can be allowed«o explore various
possibilities. The final problem is to determine if one of the five possible paths is shorter than the
others. The children will probably have an opinion about this. They should try to prove if they are

_right by counting the straws in the path to discover the true relationship. With a faster group this
activity could be pursued witha **3 X 3" map, etc.

24. In order that angle measurement not present difficulties in the upper grades, th®idea oflarger and
smaller angles should be developed in the lower grades. To help develop this idea, the following

activities are suggested. s <
>

a. Use scissors; open the blades and ask the children to notice the size of the opening. Open
 the scissors a second time and ask whether the second opening is larger or smaller than the
first.

b. . “hescissors firﬁwnh the opening remaining the same and rotate.
Ask .1 the angle is greater, smaller or the same size.

c. Hands of the clock may be used in the same manner.

e
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GEOMETRY

{
OBJECTIVES

s

The child should be able to do the following.

.1. Select from a collection of geometric figures those which a£e alike under the following

(a)
(®)
()

(D
. (©)

rubber sheet geometry

rotation (turn)

reflection (flip)

translation (slide) “
uniformn stretchés and shrinks

2. ldentify the following relations between point sets

(a)
(b)
©
(d)
(e
3. (@)
(®)

inside and outside (for plane curves and space figures)
parallel (for lines)

perpendicular (for lines, planes)

has same size as ' N o=

4

.-

’

has same shape as E

Count the number of units’in a given collection of units'arranged in different configurations
Determine by sight which of two given angles is larger or sthaller :

it
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MEASUREMENT

INTRODUCTION

r\
4

Measurement, is the process of relating a~umber to a property of an object or a set. Measure is a number which tells how
many spectf{ed unit$ have been determined. ‘

V

Counting, the measure of “how many,” yields the only exact measure. In this strand, counting is used to find the number of
units of measure. Activities of this type should precede those in which the pupil$ find measurements from reading scales of
measuring devices. In using a device, the unit of measures which has the same property of the object to be measured, is
compated to the object. The resulting measure is never the same as the true measure even with the most-accurate instrument.

The different kinds of measurements presented in this strand are not necessarily to be studied in the order given or as separate
studies from other strands. The development of measurement will depend upon the pupllp development |n usmg relations,
numbers opegtwns and properties. o L ‘

h

Many of the difficulties in measuring that children have had in the past may have been due to the fact th,at appllcgtlons were
: introduced too soon. The committee recommends some different approaches than have generally been used.

Time- Children are famnhar with the phrases “ume to go to school,” *time for lunch - “now’" and “not now,” but they ,
do not seem to realize " txme as an’interval between events or that time is passing and contmuouﬁ.flherefore, actlvxtles in ©”
measuring intervals of time as well as telling time are given. It is felt that by measuring mte;:\mls ﬁm., tblln‘tg nme or
recording time should have more meaning. Note that in the approach described in the actmﬂes fbr, telhng tune the
m1nute hand of the clock is used prior to the hour hand. .

Wezght— The wajght of an object is the amount of force of gravity or the amount of pull of the earth qn. the ob]ect.
Since this force i not visible, weight can be measured only by indirect means a}ld therefore 8 difficult: fm: chtldren‘,tc)-b

comprehend. Also, thej concept of weight is often confused with that of mass, which is actually the measbre:sikithe,.: *

amount of matter. However, children are familiar with the idea of weightlessness of an astronaut and do realize that his
mass does not decrease as he becomes weightless.

Capacity and Volume— Measurement of capacity and »volume, should begin only after the child realizes that two
containers of different’ shape that hold the same amount of miaterial have the same amount of space inside them. .

Children use blocks, contaigers and other three-dimensional shapes in their. pr 0ol .activities and begin to gain
concepts of capacity and volume. Therefore, activities for capacity and volume wi¥be considered before those of area
and length in the guide. By filling containers and counting the units used, children should comprehend the ideas of
‘ca?acny and volume.

In order to have more meatling, the measuring of areas of the faces and lengths of the edges should conte after rather
than prior to the study of volume.

AreaJ Activities for measuring area should begin with sorting the faces of three-dimensional shapes by size. These.
‘50t1v1t1es should develop’ from and also be a part of the study of geometry. The activities of tiling and counting units
may seem time consuming in relation to the previous methods of teaching arca measurement but should give real
meaning later to measuring area indirectly by using formulas.

Length— The study of measuring length of line segments should develop similarly to that of measuring volume and area.

Temperature— The scales used in memnng temperature can be thought of as vertical number lines with specml
markings. Most classrooms will have a (M rmometer with the Fahrenheit scale. but pupils should also know abou® the

Celsius or centigrade scale. .,
N
Money - Children should learn about money in planned sitiations in ‘which each is an active participant, The study of

money should be continuous. As new number concepts are learned, they should be used in problems involving money.

Measurement is a process. It should be studied inshis manner at all grade levels and should develop through 2 number of
stages— (1) making gross comparisons of objects or'sets, (2) using units of measure devised by the children and (3) using units
of measure called standard units.

.
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In the first stage the childrén should have many experiences in making comparisons such as greater than, less than or equal to.
These comparisons should be made between objects, sets of objects, dry materials and liquids which are familiar to the
students. Children in kindergarten and the lower grades should experience filling and emptying containers, matching elements
of sets, balancing materials, arranging shapes and similar activities to discover relatisnships between sizes and amounts of
materials.

’

The second stage should develop’from activities in the first stage. Units of measure will be needed to relate comparisons, and
the first ones should be improvised or homemade. The children should make thelr own tables of measure so as to convert
from one unit to another within the measurement of one propérty

The third stage should be introduced only after the <hildien have had experiences in the earlier ones and have seen a need for
standard measure. Otherwise, their work will be manipulation of memorized symbols* with no real comprehe;;smn of the
process of measuring.

The students should make the measurements themselves using various measuring devices. The devices which are first used
should have few markings. As the study progresses and operations with fractions are developed, additional markings can be
added or different devices used. Activiti{s should incliide those in which the children must choose the appropriate unit of
measure as well as- the appropriate insttument for Mmeasuring. Consideration must be given to both the property being
measured and the size of unit applicable to what is bef%é meastred.

The students should have opportunities to measure and pernf-ﬁp computations in both the English and metric systems. The
emphasis should be placed on working within each systenmfrather than on the conversion from one system to another.
However, approximate relationships of the most often*used units in the twe systems should be discussed.

In the lower grades the measures of perimeters, areas, volumes and capacities should be found by counting the units of
measure. This method should be continued in the upper elementary grades at which time activities are planned to lead them
to discover the formulas. :

The teacher should introduce the historical developmeént of measurement to the pupils. It would be both interesting and
helpful to them as they progress through the different stages of measurement.

N
Vo
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. Objectives

Keyed to

Activities. 7

obj.
]

- obj.

obj.

obj.

obj.

obj.

obj.

~ MEASUREMENT

ACTIVITIES

Time

1.

Have the‘c}ﬂiﬁfen measure short intervals of time using measuring devices such as sand clocks, water
clocks or-egg timers to see how long it takes for various activities. Examples of small group
activities include the following. How long does it take for one member of the class to walk around
the classroom, sharpen a pencil, to take up the mathematics papers, or to walk from the room to
one end of the hall and return? :

/4,/ . ~—
)
y \ /
' =~
Sand Clock - Water Clock

Have the children measure longer intervals of time by using measuring devices such as a water clock
which is larger than the one previously used, or a candle clock. A candle clock can be made by
marking equally spaced divisions on a candle; each division would be an arbitrary unit for measur-
ing time. Measure the time.required for activities of the children such as length of the mathematics
lesson, time required for the teacher to read a story and time required for one member of the class
to walk around the school building.

Complete activities similar to those listed in Number 2 by using the minute hand of a clock. Choose
activities no longer than 10 or 15 minutes in length. Repeat activities involving shiort intervals with
the first setting-of the minute hand between 12 and 6, then between 6 and 12. Next let the minute
hand move so that it passes 12, such as from 9 to 2. The emphasis here_should be on counting the
number of minutes by using five-minute intervals and not on telling time. -Bring to the student’s

attention thatgthe clock dial is a circular number line.

Use curved strips cut from construction paper'that will fit around the edge of the clock. Have strips
to fit intervals of S minutes, 10 minutes, 15 minutes, 20 minutes, 25 minutes and 30 minutes. Ask
the children to tell the number of minutes in the intervals as you place the strips against the edge of
the clock.

Continue similar activities measuring intervals in minutes which are longer than 60 minute's and |

which begin on the hour, thus introducing the students to the use of the hour hand. Using
drawings,_play clocks or real clocks, have pupils determine the number of minutes in time intervals.

‘Set up play clocks or give drawings to provide practice in.reading and writing clock time on the

hour.

. To ingroduce the rgadings of the quarter-hour and halfhour, use the appropriate strips from

Number 4. Provide many activities for reading and writing clock time on the half-hour and quarter-

"y

hour. Include the use of the word ““o’clock™ meaning “of the clock.”

"t
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8. Provide activities for reading the clock to the nearest minute. Have the children express clock
readings in different ways. First, teach “after the hour," and later **’'til the hour.”
Examples--(1) 8:30 or half past eight, (2) 3:45, three forty-five or quarter 'til four.

9. Have children record time intervals using readings of a.m. and p.m., and call to their attention the
24 hours on the clock. e
Examples—If school opens at 8:00 a.m. and closes at 3:00 p.m., how many hours is school in
session? 4
If Johnny goes to sleep at 9:00 p.m. and sleeps 8 hours, at what time will he wake up;r '

10. Have an unmarked calendar chart for each month. Each day have the children record the day of the
month in the appropriate square. Have a wall calendar nearby in order to relate today with the
remainder of the month.

It Provide activities in measuring intervals of time in days or weeks such as finding out for how many
days a library book is checked out from the library, how many days from the time a seed is planted
until 1t sprouts or how many days or weeks until some special time as Christmas ‘or spring holidays.

Weight .

12a. Have the children hold two objects of different weights in their hands and deéid%yhjch is bedvier

12b.

13b.

13c.

than the other o1 whether one is about as heavy as the other. Repeat this activity with a number of
different objects such as rocks, blocks or pieces of wood, or small packages of materials.

Have the children compare the objects by using a simple balance. A balance may be made by using
a coathanger with small cans or other light-weight containers hung for the weight pans.

7
¢

Before the children use the balance the teacher should show that the weight pans are level when the
pans are empty or when the objects that the children found are as heavy as each other. The teacher
should show how the pans and the beam of the balance change positions as two objects of different

weights are placed in the pans. N

. Have the children use pairs of objects of different weights which were used in the previoxjs activity,

weight. For improvised units use materials such as coins or play coins, nails of one sizé, paper clips,

and find how much heavier one object is from the other in a given pair by using improvijsed units of
bags of tea, sugar cubes, macaroni shells, bottle caps or washers. ‘728

Have children place one object in each pan, then place improvised units in the ‘pan zvith the Jighter
object until the pans are level. By counting the number of units used, the children will fihd how
much heavier one object is than the other.

Have the children find the approximate weight of given objects using the balance and improvised
units. The children should place the object to be weighed in one par and then place units of weight
in the other pan until the pans balance. By counting the number of units used they will find the
weight of the object.

"
Have the children weigh an object first by balancing with one set of improvised units and then with
a set of different type units, for example, paper clips and bottle caps. Since a paper clip is lighter
than a bottle cap, the object will weigh a larger number of paper clips than bottle caps. Ask the
children, ““Which sie;tﬁof the units weighs more?” Since both sets balanced with the same object,
they should weigh'the same. Have the children compare the weights of the two sets of units by.
using the balance. ’ )
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14b.

14¢.

14d.

l4de.

15a.

15b.

I:S.c.

15d.

15e.

-

Have the children make units of weight which will be standard units of the English system. Provide
the children with one-pcund weights of materials such as sugar, tea or’sand. Have them use.
different materials to fill plastic bags so that each bag will weigh the same as the given one-pound
weight. Close the bags tightly with rubber bands or tape.

Have the children muke othgh weights by filling some bags so that cach will weigh the same as a
given M-pound weight and filling other bags to weigh the same as a given %-pound weight.

Give the children some objects or bags of material for them to weigh by balancing the objects with
the weights which they made in parts ““a” and “b" of this activity. Be sure to include some objects
tor them to weigh which will require them to use combinations of their 1-pound, %2-pound and
ti-pound weights, -2

Provide the children with bags which weigh one ounce each. These bags could contain materials
such as tea, paper clips, sugar or sand. Have the children use these as weights to find the weights of
some given objects.

Ask the childran.to find relationships between the homemade weights such as the number of
Yoy . s
one-ounce wc’iéhw which will balance one %-pound weight.

Have the children make standard units of weight of the metric system by filling bags with materials
such as sand, sugar or rice so that each bag weighs the same as a given weight of | kilogram. )
If metric weights such as gram and kilogram weights are got available in science equipment ﬁo’i‘:tfrg

elementary school, the teacher might borrow a set of these weights from the science department of-.
. . Y

the junior high or senior high school.

Repeat this dgtivity with the given weight of 1 gram or provide them with 1 gram weights. These
weights may be made by linking paper clips or tying washers together instead of tying small
bundles.

Have them make weights of 5 grams, 10 grams, 50 grams and 100 grams.

Mave them balance different combinations of weights they have made. For example, they should
see that two 5-gram weights balance with one 10-gram weight, but with the scales used and the
materials used for making their weights there is room for error. The teacher might, then, balance
some weights of aset of weights on the scales for them to see relationships.

Have the c¢hildren balance objects they used in activity Number 14 with their new set of gram and
kilogram weights. They should realize that these units provide another way of naming the weight of
objects. The purpose of this activity is for the children to see that there are two #tandard names for
the weights of the materials. Howe¥er, it is not the purpose at this levad to have the children doing
computation to convert from units of the English system to units of@lh&ﬁemc system.

Have a number of objects available and ask the children to estimate the weights in English units.
These materials could include a number of coins, bags of bottle caps, a brick, a pint of water and a
book. Then, have them weigh the materials and see how close they guéssed the weights. Repeat this
process a number of times with other objects, including themselves. Try to use unusual objects.

Capacity and Volume

17.

Since some children do not realize that if a liquid is poured from one container into another of a
different shapes the amount of the liquid does not change, the following activity is suggested.

Have two cups of the same size and shape filled with water. Have the child pour the water from one
of the cups into a bottle or jar. Ask him.if the water in the bottle (or jar) is the same amount as
that in the other cup.

For those children who have difficulty with this concept, provide more activities of this type.

D HR
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18. Use six cubes und;f)hild a rectangular solid. Hand six cubes of the same size to a pupil and askmjm
to build a block like the one demonstrated. Ask him if the two blocks have the same number of

cubes. One proof could be one-to-one correspondence of the cubes. Rearrange the demonstration

block into a different rectangular shape. Now ask if his block takes up the same amount of space as.

the teacher’s. The understanding of this activity is basic to the understanding of vilume.

19, Have the children fit nesting boxes or jar lids together ip order of size. Also have them place the

items in rows in order of size . %
. ) ;
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20a. Use two contamers such as milk cartoons which are alike in all characteristics except height. Ask
the child to siow which holds more by pouring water or sand from one container to another. Ask
himi which holds less. .

20b. Cut®off the top part of a half-gallon milk carton so that the remaining part will hold the same
amount as a guart carton. Ask the child to show which holds more by pouring water or sand from
one to the other. He will probably be surprised to find that they Kold the same amount.

20c. Use two containers which have different shapes and hold different amounts, Ask which holds more.
Let the child find out by pouring from one container to another

21 Have the children find the number of cupfuls of water,sand or rice needed to fill ajar. At first it is
' advisable to fill @ number ot wnits, and as they are emptied count the number used. Later this will
not be necessary: one unit may be filled. and emptied again and again while the numbeér of times it

- is being used is counted. Repeat this process a numbgm times wigh other containers.

22a. Have the children find the number of small boxes of sand or rice needed 1o fill larger boxes, such as
shoe boxes.

\ . »
22b. Have the children find the number of sugat cubes needed to fill-some small boxes. Begin by finding
the number of sugar cubes in their original box.

22¢. Repeat the preceding activity, using marbles and then balls of cotton.

22d. Ask which of the materials used would be the best as a unit of measuse, which would be the
poorest and why.

lead into a discussion of the need for standard units of measure, such as pints, quarts, gallons,
cubic inches. which will be used in the upper grades.

23. Have a pupil fill a small metal can with water. Pour the water into another container. Reshape the

griginal container by bending it. Have the pupil pour the water back into the container. He will

“woprobably be surprised to find that the capacity of the container has changed. Small metal cans such
as fruit juice or tobacco cans are suitable for this activity. . v

Area

24. Provide rectangular shapes cut from sides of boxes. Ask the pupils to find the rectangular region
which has the larger size and the one which has the smallest size. They should find this by counting
the number of tiles used to cover the surfaces. If they have not seen that square regions are best for
covering surfaces, let them use their own selection of tile shapes. The discussion should follow this
activity to lead them to see that square tiles are best for this purpose. The strand on *“Geometry”
has similar activities. '

2 . - .
254."Ask the children to measure the area of a large rectangular region such as marked on the floor. Have

newspapers for them to cut square tiles to use for units of measure. Quite a number might be
needed to cover a large rectangle so as to measure the area.

69
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25b. Repeat this activity a number of times, because the purpose of this activity isﬁ’or the child to gain
an understanding of surface measure (area) before the formula is introduced at the upper level.
Some of the pupils may find the number of squares by multiplying the number of squares in length

by the number of squares in width. It is best not to tell them this.

26. It will be agreed that some standard unit or units of measure are necessary to communicate with
others. Introduce the square foot, and let the pupils cover large rectangles which have exact num-
bers of square feet. The unit square yard should be introduced in like manner if space permits.
Merely count the number of square feet in a square yard 1f conversion is'discussed. g

i

2N Present rectangles which will not be exact numbers of units in area. The section Wthh cannot be ,

\'covered in square foot units should be covered with square inches and the measure determined. Do
/ not require children to do computation, but have them count the units of square feet and square
) inches to cover the region. ‘

/

children-need this hands on experience with metric measures.

i

29. Have the students use squared paper or squared acetatg sheets to find sizes of 2-dimensional shapes.
Provide grids which bave one-lnch .squares and one centimeter squares.

Length

»

30. The activities for this objective should follow the same pattern as those for area. Use the length of
edges of 3-dimensional solids, such as blocks or books used in earliér activities. The relations of
longer than, shortei than oy about the same length as should be made of such lengths.

31. Lengths should be measured dsing improvised unit lengths, such as new pencils, popsickle sticks,
drinking straws, small lengths of cardboard. Then measurements of longer lengths should be made
using longer units such as pointer sticks, long strips of cardboard or poles used for opemng
wmdows

32. To,introduce perimeter an(i circumference ask the children to find the distances around 2-dimen-
sional shapes which are. fates of 3-dimensional shapes such as cardboard boxes or the classroom.

Pieces of strings or jump ropes may be used for units of measure. This measuring should be done in .

an informal manner; formulas will be studied in the upper grades.

33. Standard units‘should aJso he mtroduced Activities in measuring heights of children may#® used to
begin measure witlr mches an’d feet.

34. - Lengths of different magnitudes should be estimated using standard units. Examples— width of a
book, length of a penctl length of chalk box, height of a student, width of a student, desk width of
teacher’s desk. :

Money

- ’

35, Use pennies and dimes in the earligy activities and relate the numbers-involved to our number hase.
If actual coins are not used, play maney could be made by using construction paper and cutting the

28. Activity Numbers 26-28 should be repeated using square meters and square centimeters. The -

9 -

play coin the same sizc as the actual coin. Use brown for pennies, gray for mickels and white fom,/

dimes. On one side write “penny” and on the other *“1¢”. This type of homemade play money is
preferred over some commercial products which bear little resemblance to the actual coins. Prepare
enough(for each child to be able to make change

7Q.




ffems fami:liar’to pUpilé. At first, oq' the price tags use
\ ek egded. § can be drawn on a card and clipped to the itern.
Keeg, the prices less\as 'or equal_tg 10¢ Airst. Other coins should be added as children make

2 progress and other ité play store. Numerals should then.be used instead of
" drayings to show the. price Jf items. N o .
~obj.- ‘ 36. One child may operate a"“bank in which children may exchange their coins for oth'ers of equal value.
13 S ¢ ‘ ‘
obj. . 37 sz{e puprls stack pennies so that the value of each stack is equal to that of a nickel or a dime. Have
13 " thern use other coins to make stacks vqual in value to a quarter, a half-dol]ar a dollar.
obj. 38. To help children understand that the value of one dollar is equal to that of one hundred cehts, use a
13,14,15 hundreds board with round tags, or use a grid with round discs on the overhead. projector. To show

the value of the half dollar, divide thebuard or grid in half. To show the value of the quarters;
divide the board or grid into four quadrants For this actmty the students should use ditto sheets *
containing the same information. ~ , - “ _ - Lo " .

Record ‘actisal amounts of- money needed- for various situations:such as the amount needed for
lunch for each day of one week. The dollar sign and the decimal point should be used only after the
children have had experience counting more than one hundred cents and know that 101¢is equal in

value to one dollar and one cent.

obj. ~39. Let children play store as in Number 35, but provide situations mvolvmg making change Reserve
14 %\ #h this activity for late in the second grade or for early third grade. ‘ . :

Temperature , e , - w | - ,
obj. . 40. Make a demonstration thermometer using cardboard. an entlng ‘ ,part hlch
15,16 of | , as been colored red, through slots at the top and- bottom. ark Cale on one sr eof ™
Sets, Nos. the band and the centigrade (Celsius) scale on the other side: Adfust b elg€ti¢1Band up and' down
& Num, to indicate change in temperature. Discuss changes in outside temperature and emperatures in the

classroom during the day. Relate temperature to the different seasi§? and to the Xinds of clothing
needed. The scale can be thought of and used as a vertical numbe e with s yvcral unit marklngs '

obj. 4]1. Keep a record of the high: temperatures for a period of several days. Makea graph usrng these
16 recordings. Use the high and low temperatures as exercises in addition and subtractron Use only

“ temperature readings of zero or above. .
\
<

obj. 42,“ Some students may be ready for activities involving negative numbers If so, temperatures below

11 of * zera may be discussed to introduce negative numbers. The temperature scale may be considered gs

Sets, Nos. - a vertical number line on which simple solutions to problems may be found by counting. ,

& Num. 15 - ) E , ;
- ko)
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Thé children'should be able to do the following. -
1. State the numbcr of units of time in a given interval between twq spec1ﬁc events by using 1mprov1sed tlme pieces,

o

clogks and calendars - -
.2. Tell time by using aclock ; ' ’
3. Identify the date by stating the month, day and yearz \
4. Find the weight of an o'f)]ect using both improvised and standard units
5. Make a reasonable estimate of the weights of materials using specified units -
6. Demonstrate that the capacity. or volume of material does not change if its shape or position is changed
7. Determine the capacity or volume of a ‘container by countmg both the improvised and standard units needed to fill a
container
8. Find by experimentation that changing the shape af a container changes its capacit .
9. Determine the area of a region by covenng the region and counting unprowscd yﬁtandard units "
10. Determine lengths by using improvised and standard units Ty '
11. Give a reasonable estimate of lengths in specified units ' . »
12, Determme coms needed to obtain a given monetary value ‘ o

13, Make change in coins by using the additive method
14. Record amounts of money using the cent’symbol and the dollar symbol w1th a decimal
15. Reada temperature scale using the Fahrenheit and the centigrade (Celsms) scales

—
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PROBABILITY AND STATISTICS W"

s -

INTRODUCTION

Basic to statistics are the techniques of collectirl‘g,\ogganizmg, summarizing and analyzing data. Once the data are summarized
and analyzed, the predictions that are made become the study of probability. Therefore, statistics and probability are studied
together.

In‘the primary grades the study of statistics is limited to collecting and organijzing data through techniques such as counting,
tallying responses to the question, “How many?”, searching for patterns and recording outcomes of game-like experiments.

The stu‘dy of probability in the primary grades is limited to finding the chances of particular events occurring. For exam'ple
~, given a bag with three balls in it, all of which are a different color (red, green, blue), the primary grade child learns that the
. chance of drawing a blue ball from the bag is one out of three.

Not only are the activities in this strand readiness experiences for more formalized learning in statistics and probability later,”
but they also provide experiences in problem-solving and practice in counting and simple computations. Furthermore,
children asually find them great fungand teachers find them excellent for motivational purposes.
Y L : . X . , .
. e
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' PROBABILITY AND STATISTICS

* 0 ECTIVES‘ Acrrvmrzs e <
F Keyed to " r\'.;‘"“ .- .
Activitie o i

obj. f‘% cf 2 1= List the birth date of each child. Have the Cchildren tally these under the 12 months In addmon to”
1,2,3 '.' - ! isting the. brrth dates and tallyrng them they may construct a bar graph srmrlan to the follo’wrng

Lo S / ) iy
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Let each child place a rectangular disc in the appropriate column. After constructing the chart the  »
“ children may then answer questions such as, “Which month has the most birthdays?” “Which
month has least brrth’ﬂays"" “In what month do most of the birthdays fall”” **Does it matter on -
“which day of the morth the birthday occurs?” The discussion of these questions would help them
to sort qut what is relevant. .
20 Have the chrldren measure and record their heights on one large sheet of wrapprng paper. Ask tlh
“following questions.

Where is the mark for the shortest child? How tall 1s he?

. Where is the mark for the tallest child? How tall is he?

Where are the marksfor the other children? How tall are most of them?

. 1f we had a new student placed in our room today, how tall do you think he would be? ~
If a visitor came into our room how. tall do you think he would be" What difference .

would it make if the vrsltor wasa hlgh school student? a grown-up?"
}
Use these questions to promote dlscussron about this sample of measurements being representative

of a restricted population, that is, the grade in which the measurements wer_e.ma}de. , . F

~

cenze

ob,. ' . © 3. Have the chrldren count arld record the number of those who walked to sghool today, who rode
“1,4,10 their brkes to school who came by pus or car. Ask questions such as, “*Did most of you walk? !
’ . “Ride your bike?” “Come by family car?”’ “Come by buis?” “What do you think most of you \é
do 4bout getting -to School tomorrow?” “lIs our discussjon. today likely to influence choices fo

? ~ getting to school tomorrow?. (Such dlscussrons wrll begrn the development of the idea that bias

» . -

may enter the data J) - . .
objf o A_/l‘ée the chrldren tabulate the number of thogé who are wearing dresses or shxrts of red, blu¥, green
Ll 23 A and browu. Only the specified colors are to be counted in-this sample. It may be necessary to point

"4, 10 R *out to the children that” the purpose of“fhrs actrvrty is to collect data for a restricted set.of values,
, *.and that the presence or absence of Gther colots is rrrelevant Then ‘ask, “Which of the specrfred
o » @ -colors is most populdr?” “Which iS least popular?” ““Is-there some reason for partifular colors being
T . ‘wom today?” If, for instdhce, some boys are wearing unifdrms because of a sgheduled Cub-Scout
” ' ) ) meet:ng tha datais brased This sample rs hot, rgood one for determmrn} &popula‘r.qf the
four specrﬁed oolors - - T ) \\ R




- 7. -Provide children with objects such as beads or small block ‘
. the same number of blocks in each color. For instance, five' red beads and five green b!ads may be

' : OQCY,

}/Hsve the child tally the number of cars that pass the sthool window,, door or yarJ dunng a flve -

minute period early in the day, around noon and after lunch. Stress that trucks and busses are not oo
cars, and that make of the car is not to be consrdered Ask,™In which period did the greatest
number of cars pass?” *“The fewest?” “Is there a reason for traffic being heavy near the school at
this time of day?” “Would this be true at your home?"” ; ’

r\-\_ ) . . ‘ =
Have the children construct bar graphs to show various distributions. For instance, identify the -
children according to the color of their eyes. Provide each child with a cube. Using the cubes to
represent units the children can ar{ange the;n, one by one, in stacks in the chalk board tray. One R
stack would represent the numbet of tuewneyed chrldren a second stack would represent the '
number of blue-eyed children; and a thrrd stack the number of gray- or green-eyed children. Each
stick of cubes corresponds to a bar on a bar' graph. Ask questions such as, “Whrch stack is’
’taliest"“ dnd “What does that tell us?”’ Some children may record the data in a drawmg of a bar -
graph : ~— o - - -~

Privo different colors. Ther,e should be

-given each child. Then ask the children to arrange the objects ift a fixed pattem of alternating =
colors, by stringing the beads on a length of wire or arranging the blocks in a line,on ‘the desk top.
They should discover that there are two different arrangements of colors which they can make. The
difference depends on the choice of colorsthey make for the first object in the arrangement. That

is, the pattern red, green; red, green, red, green is different from the pattern green, red, green, reZY
green, red. '

This same idea may be extended to more complex dxscnmmatlon tasks involving three color
arranged in same 'fixed pattem - N “

-

Havg the child use crayofis of three different colors to color a series of rectangular blocks.
Y - : a 4
) ! 4

Pl
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Have him color the blocks in as many different arrangements as possible. He should find' that the
greatest number of diffe_rem arrangeme of‘é”olqrs is six. ¥he different arrangements are called

outcomes. . @ '
3 r :
JTed - | L red | blue | °} blue | 1. green green- , ‘
v % green] | blue i red green T red blue § . /.
N et o]
- ue | | green| | gregn red ), lue || red ,
“ =~ ‘ "

Slmﬂar activities would be helpfu e child. He could use three dlffereni/(books three different
blocks or:three different children to ‘be arranged in-all possrble ways. fn using three children, if the
teacher tells Ma;y,-lane and Jo to go to the frong,.of thxroom he could then ask, “What ate dhe -
chances that thep-vnll walk up to the front in the ordeY of Jark, Mary and Jo?"" An acceptgple .
response would be i out of 6. The teacher-could then ask, “What are’ the chances that they will
‘walk up in the ogder Mary .ane and Jp"" Thechild will be able to See that each arrangement has an

: 'equxl::hance of happenmg "if John is not in the class, ask what chance dq/s the arrangement Mary,

Johnjand Jo have of happemng?“he pdplls sl;puld sée that thege is no chance of this arr!ngej}@ Y
ng.: , ‘ i i ..

<



.

- 1,3
- 8,9 stops oh each color. Through this activity he will probably conclude that the pointer will stop on
) : one color as often as on the other because the spinner was separated into two regions of equal size.

Ask him g,questron w}uch involves-a color not on the spinner- such as, “What is the chance of the
spmn&’stoppmg on a purple"” Quesbons such as this one should lead h1m t6 drscover when ‘an

. outcome has no chance of happenmg - S
p. %, _: ? % 0« Ty . ’ , )
Obj;b Ly 10 “’P]ay the game described in the 'brev10us actrvrty with a spinner that is separated mto four regrons of
1,37, - o qual size, on region gplored yellow, .one'red and. tfwo blue. By tallying the stops of ‘the pointer,
: ’ rJeas e child will discover that the chance of getting blue on a stop is greater than the chance of getting
arly other color. t “

{

Games played wrth two, cubes with the six faces marked drstmctly may | be used in the classroom to
show that, the chance of getting some combinations 'is greater than othess. Children’s blocks or
sugar cubes with simple markrngs such as +, X, (), [}]or colors may be used
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"PROBABILITY AND STATISTICS |

N
- OBJECTIVES =~ . ' : ' o - ' i
C ey A R : )
“ ‘7. :7.., Qn— B L ) ) .
'ﬁle child should be able to do the followmg . o
1. Collect data in diffegen} ways © . . - el .
2. Sort out relevmt and 1r¢levant data - v
.3, Use physaﬁal objects and- p;ctures torecord data “'
) %
4. sttmgulsh between blased and unbiased data ‘ - '
5. Tell whkther a sample of dﬁa represents a popuiatxon ' ' .
6. Arrange two or more objects in a‘wmber dfways, and collect the data B
s 7. Count all the pgsélblg Jutcomes of an expef 1 -
&+ 8. Pick outievents t Jave an equal chancé of oc0umng B : s o
‘9. Select events thathﬂe no chance of happeri.- ; e o
- 10. Show that in somg-ifistances one event hagild haite "bceurring than. another ' ,
B 3 e,
11 Specnfy the chance ofiﬁ everﬁ hﬂppemn ' > A oo
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Problem Solvmg ¥
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" PROBLEM SOLVING |

ot
Since problem solving is'an integral pargof mat'hematrcs it is not possible to teach mathematics well and not be simultane-
ously solving problems. For this reason, jnany of the activities suggested in each of the strands in the guide are problem
oriented. The teacher, however, has the mdjor responsibility of selecting appropriate problems for his mathematics class.

o

WHAT IS A PROBLEM? o ’

@ In the guide a problem dftuation is recognized as one in which habitual response arc inadequate. Word problems may in fact
be only verbal exercise for some pupils. On_the other hand, open sentences or exercises such as 5 + 8 = [J are problems for
those who do not know the associated fact. To say that habltual 1éyponses are indequate is to say that recognitionand recall
_are msufﬁn;i@t cognitive processes for the actWity ofproblm

cise which begins, “John had 4 marbles and;hrs fa;ther gave him § more . . .,” isnot a problem fgf the pupil
who. retQ L. .s that a joining action is associated with additiofi“and then recalls the sum of4 and 5. In contrast, the pupil
. who does nox know the sum of 5 and 8 is faced with a problem, In that case, the teaches’s task is to ask the right questions,
% “What do you think it is?" “Do you want to/ués?” “Why do you say that?” “How could you find out:for sure?” In >
‘, response to the last question, the pupil’s decisipn will depend on his prior experiences and the performarice level at which he
is confident of success. lle may choose 5 couhters and 8 counters; recreate the joiningzof sets of 5 and 8 and count the-
members in the superset. He may place a mark at-S on the number line and count off 8 from there; or he may reason, using:
well.known facts. that 8 is the same as 5 + 3. Then 5 + 8 is the same as 5 + (5 + 3). ()bservmg what happens as he carries’ “but”
S eexpenment he verifies and records his conclusions.

S : SR
o T
ider AMother example. ) :

' N ‘ m." -
Mary has 2 skirts and’ 3 blouse.w of t_hem 8o together how many dltterent outfrts can sheg.
amsemble?” - S . g o

oY pupils wh have studred arrays as models for m\&phcat).on of whole numbers ~this e'xample i
‘recognition andhecall. For pupils who have studied only repeated addition as the model for multrph

. The selection of problems for mathematlcs classes becomes, then, a mattes of”§electmg situations in"which néw reTatronshlps

must be found among well: known facts or in which the context is sojnovel that pupils must explore observe ma,ke

“on ectures and test their L()njCC[UfCS N . -
W : e . . . .

Wt

b':;

A Classroom Envuonment for Proble

whrch pupils feeWo make

esses. checking oul their guesses §t whatever performance level they are succesgful. t about their observations and
_~“making decisions whi defengle in terms of the condltlons add data grveﬂ eachers cal.aid plpils in developing the
7 right sort of guessing by \asking msugh as the folJowmg ‘What do youj’tl' \thch of these two cans holds more
water?” “What do you think? Whjc e greater Sumber ‘s“ or —;- ?” Follo the recognition or recording of pupfs
Gonjectures, the teacher should ask “How can we ﬁQ out?’ After pupils have carried out the experiggent and Bscrved what

\ happens, the teacher should ask

rhaps.the most uﬁportant questron of all : “Wh.y did we #gink the answer Wwas one th@
when'rn ﬁ[aet it was somethlng elfe? ,

>
!

-

%ven a problem mtir:;r;the role Jof the teacher is to provrde an encouragmg” lrmate

: T
. 13
- Collectrng opinions from. rﬁuprls the -outset may seern unusual in a mathematrcs class. However, it can %VC the teacher ;
~_valuable insight info their thinking as wel} as toms attention on the hature of the problem at hand. The selectr nof. p‘toblems (
- thé que‘strons asked -by* the:)t ther, dng. ;eaq.rons 10 puprls guesses. are all very important in deveIopmg and rmp oving
‘tompetencies ln' solvﬁfé -problems Srnce s;)me pirplls Aare discouraggd by bemg told that they are wrong, an rm'ponant -
’N%E%nbunon om .the-teacher is- hls'pxpectatron that they can solve problems. His confidence can encourage easrlyrfrustrated
puptls to try agdin and casrbe contagious. Persistence and conﬁden%c;/e characterrstrcs of’ good problem sd‘vars '

P : p‘.\;f . . . . : .
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Other Factors Related to Success in Problem Solving

his puplls/agqumtron of knowledge of fundamental concepts in mathematics, skills in coiputation and reading and other

In addition fo teaching guessing and encouragmg flexible approachcs to'problem solvmg/th;facher needs also to provnde for
interprefive abilitie, v e

-

o . . . .
y ' - g
’ e "+ + PROBLEM o : ST TR

, n ' f in physical worid ~ ¥l . o - >,

'3

@

e ey e -
e . . using algdrithms . NUMBER SENTENCES - :

using symbols « X

-
s

- I\nowla<q e af /undamcn!a[ concep!ts l&4g,qu1rcd through a varieR% Ot pla T‘lned gxperiences. Consider the word problem

Three boys were playing nuublcs and two other bo)’s came to play |

‘ " now playlng marbles" , s
. SN .
* . When dlfflwltlcs oceur Wlth exercises of. this type, the difficulty is probably pbt one of- rcading nor one pf corrlputati(‘)n ‘but
ope of not knowing the meaning of the operation called addition. Help foy/'this difficulty involves the right kind 6f initial
sentations of the operstions coricemys. It is for this reason hat a distinpfion has been made in the guide between operation

mh\putanon Teaching addition 1 Qlfferent from teaching how < compute the sum; the: fStmer. encompasses the when <.
‘and. wb}) one adds, whereas the latter does not. If sufficient attention is given to the meaning and effects of operations, puplls
should have less dlfﬁculty"lq‘?soggmng verbal descriptions ol’snuanons for which the different operationsare app priate.
On tHe other hang, if computanon is given the mTJor emphasxs it should not_be surprising that pupils fail td”recogyize a
.ll}t}ezmon which ulllgfor a parncular process Tea ers should $ee the strand on Qperations, Their Propemes and Numper

-ory : X ) .

Teachers also neegd t.o be alert to poss:blc difficulties assocnated with the no- -action situa jons. The ]ommg oftwo sets of boys

e dcscnbed in “Three bo's were playmg marbles and two Other boys came to play “Vis identified with the operation of*

-\ - addition. “In %e verbal description, the ‘action of joining two set(ns explicit, HOWC‘? some pupll’s may have difficulty with
-verbal proble s ol‘the follo(gllg type. _ : , -

-

i

5&,

‘ - Susan and Jane live on adjacent blocks. Susan counted 7 byick houses on the block where she hveg ' ‘
N Qd larﬁe con.(ed S brick houses on’ “her block : owma bnckl uses are there in the two blocks? -«
) 4. .

by Colde T
The two sets of houtes cainnot be ]ome\d phySlcally Nev f l'ésﬁ,:the reader must think about the two sets aslonlcd in some >

supersct ahd r@)gmze that the situation ﬂgsg;nbed s an addmve ohe. : < i

- %

x
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Corresponding to .the other ()pcratlons are tllar .af¥gories of action and yio action .problems. Q ite'often, it is lﬁf"ﬁx

pupils to recreate problemn situations with manipulktive -or pictorial :; dme will need ﬁ;ysxml xpenences with counters :
~or toys, while others will need only pictures or'diagrams which they ‘can d w . Problem dlfﬁpulty has been assessed along the -
ands/dctmn dimension as follows. - i}. . \ \ 1 o
E ;- -
| ] — A I
Problemy Sitwation - - N oo o ‘
_ — , . T
Ajds Actic ¥ No Achon ) Y,
oF 5 — E - )
’ J 1 :
Phvsicai 3} Easies:
[ [ .
o |- - ) . : .
Pictorial ¢
¥ 7 : . B N A
e v s is . )
None -4 aHardest: .
s .o o S i R

In liglit\@}.he above discugsion, the usefulncss of cue words in verbal prob&‘ms becomes highly questionable. The bétter
", strategy seems to he one of developing the concepts of operations and the concurreht development of language — in both oral
‘% and written *sanptmns assocjated &nh the concepts. Insthe guide, it is suggested that pupils be given an equation such as
3+ 4= [ gf3+d]= 7 and be asked lo make up a word story with which the equation cbuld be associated. By encburaging a
diversify »ofw,;esp ﬂq’s a teacher can ald puplls in lczﬁm‘}g miny different settirigs and situations for which a partlcufar

. operation i pp;ophwéc At the same {lmc he is helping thgm develop the language skllds one needs for refid talking
. aboyt m"{t};cmmxcal ideas.., , t "} s 7k ' W
Ed ', ’

. \ . . ) ) - . 1.
\ﬁ -“v,\& - N \' L B o . ';/l A
. hé«hﬂlowmg word pmblems - ' L -7 /
1) John hbg :
g A" penny she havc" ) o . oo

. L2y ‘Johh 6 tdy cowboys and 3 toy horses lf h purs one cowboy on each horse, 10w many
o ‘ '_ " cowboys Vill not have a horse to fide?

! . 43)- Before schuol started in Septembgr, Mary’s mother mage her 6 new blouses and 3 new skirts. If <
_ e she could p¥t the ﬁ'lous"s and sklgtogether in dny,comblnatxon ﬁpw marny new school outfits
L woqu Masy have“’ ¢ e «
, ( 4) Mary has 6 mses ? vases. l”‘m m(Bh' rgages (.Ollﬁ she put in e&ch vasqéso (hat there are the ' -
<‘ , samf number of roses in each vasé ‘ .o
o\ A 2 < 2

In each case; the word “and” serves its logidal role as a conjunction and does not indicate the.action mvolvmg the giveh sets.
In cach case, the word which suggests the actiop is “put(s).” In. the first problem, two scts are put-together to create a
superset. In the second problem, two sets are put toget t for the purpose of comparing them, The putting together involves
\thc action of matching ohjéus from one set. with OhjCCIS of anothér set in { one-to-one correspondénce unti! all the ()bJCL[\\ln
§> one sct'are exhausted. In the third problem, the putting together involves the pairing ject frorg one set with each
object of the “ather set, that is. the creation of a third set in which the elements gre outfits, or pairs (one skirt, one blouse). In /
the fourth problem, the puttinggaegether of the anolvm the actien ofhﬁﬁs‘ﬁmg a many-to-one corregpondence of 7
many

. 4 - o .
the given sets.,In each cage, the question js ¢ H { Thcre are ho single,iclearscut word cues t corresponding
\." mathematical opemtmns oo L R . S
, ., | a ' 1 e ‘

- , .
. . _ . _ A .

~ N A “ ro Kd .
Nelxhcr the ability to rg¢ald the number. facts nor skills in :eadlng as meas by standardchd tests are sufflclent cogmitive™
fa c@s for solving thesec\ro‘blems Onggmust also possesima{ﬂablhty to recoghize that certain-kinds of agtion gal or 1mplxcd) '

are assocmteg with ,partlcula{/mathcmatlcml ope¢rat|0ns e successful pn;&l\ m solvers, in,this caSe. are thoselwho associate
“addition with TRe action de@bo’d in problem I, subitraction with the actién’d cnbed in problem mult_gpllcatl'on willf the

ot acuon deanbed in prOblem 3 and division with thé acnon described-in pr’ob]cm 4. . i . - e
) © . ' . - -
] " P - . . i g v : p
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1 QT’each(:rs should pr J\de a variety of experiences in wluch puprls can talk about*;berr understandlng of the{fauaps For

ance,, vpu,plls ma g]ven the four verbal problems above for some”similar set) and either of the foflowing sets of

. r)dmg expressx ' . N . s A
L o . ' “» )
LA ) % ,_’the sumof6'and3 5 _ ® (1) 6+3 - - W
", (2) the difference of 6 and3 ; (2 6-3 . -
s (3)  the product of 6 and 3¥ . (3) 6 X3 .
P (4) wthe'quotient of 6-and ’ " 4 6+3

N ¢ e

= They should be asked to discuss (and demonstrate, if necessary)why the correspondrng expressions give the cofrect solutions.

" Other techniques teachers may use to help pupils 1mprove therr problem solv1ng abilities through rncreased understanding of -
the fundamental operations are these. :

* Use problems without numbers. *
* Have W act'out problem situations and sdlutrons ’ : . ¥
Have pupils write only the corresponding number sehtences for verbal problems (but not the answers).

* Have pupils make diagrams ordrawings 6 ﬂlustrate *thqrr solutrons ‘ o Y

—

* Use problem with insufficient data or lr‘relg‘e'ant dava.

" Have pupils make up problems for gl'!m “pairs of \numbers (e £ formulate four dlfferent problems in which the
" . numbers 24 and 8 aysed with each prob°lem solutiolnto involve a different operation on 24 and 8).

. Skill in computation is, of course, a necessary condition for getting correct answers, and teachers should have pupils test the
reasonableness of their answer as a check on their computations. Such’tests may also provide checks on the apprépriateness

of prolesses gelected. (For further discussion on skills in computation,, teachers should see the section on Difficulties in
Computatiog®) The tediousness ofgomputatlo v

, Jhould not be allowed to obscure the principle inherent in‘a partjcul xerbal ~
exercise. For, instance, if pupils are studying .clple related to finding the arithmetic mean of a sample ofn Asure:,
ments, the emphasls of classroom activiti¥gh 3¢ on the mathematical principle. In this’case,.onck the puplls have
entified the pfedure to be used it is hé‘ ¢n adding mathirie to take care of the tedious task of summing all the ,A
CaSUfe!\th . s \ . - . - Bad W
,'w < »x's’_'___ . . N \ ‘ ., ' , .&" i

Reading and"o er, mterpre&hve skills should be developed a egral part of the mathematics program with specjal - ﬁ’fﬁ
attentron given thebe skills P class work With verbal” prq s. In .addition to the technlques previously suggested fou%:‘
developlng language agd reading skills, the follo‘mg suggestrons should also prove‘beneflcral

Help pupils leamn to use their textbooks. Fake to read with them Bértain marrative sectj ons of the book, 1ncll)d1hg the

preface, if therg is one. Take time to no\f; the. table of contegtg and t6 teach the use of the index. If the publisher has a

glogsary of ma%ahcal symbols and wor, Heﬁhrtlons make C\é§§ible o pupils. Encourage and help pupils find out who
an : . :

secure biographical méd’rmatlon about them. p

_thé authors are
ol s 5
H € pu iI§ read library books and refgrence materials related to lpﬁhemamal ideas. For instance, in. the,up gfades wh

yi neasurement, have a commjftee of pupils research-a topic such as “The History.of Linear Measures d report th aﬁ
ﬁndrng to the class. Identify seiénce-related mateifals ahq problem%(whlch involve mathematigal- pfmcrples atd’ skills) -
> pupils to read and splve. Idepfify charts and graphs from ghe so studles program which require 1nterpfetlve skills learned n
athematics. Help pupllst know that mathematlos is a liwly, py oseful and dynamrc force im thelr‘ ctilture. -

rovide specific instruc : uammve vocabiflary. The stud ixes and suffrxes w1th P
word-roofs which occur 'n thematics, as in th ords polygon polynomlal trlangle trmomral e 4 equrdlstam The ;,v.
study of word endings ’o d ‘be included, as\t thegyords polygonal rectangular, radii. The gudy ofp Xes, sufﬁxes ooys LIS
-and endings which have special meanrngs will facilitate the learning and Spelhn\g\éfrl terms. §% B 'h :’" A RO fr " "
Have pupﬂs formulate and -write verbal problems, orhave them ]plntly dlscu,ss how A9 éxp ar .4 seleﬂed;wherg‘v - fﬁ.'
pnncrple,,and write the verbal explanation on the be&ard \G]ass d’l’ﬁwos; Qf.me written{ er 1'031!_ légd to réfrnemeﬂt&\«
and classification of the language used. Encourage pupils to'avgjd redu anqe nd amiidilioys J8ss )

_mathematics peripd devoted to developing skills of concrseness and preélSlon tlnul uage is'¥ SO " spent

’

<4-'°

o i

] ' ,v'/' '.




Have pupils read selected word 'problems for the purpose of finding specified information. What is the question? Descnbe the
, «semng Who is involved? What sets 6f physical things are involved? What is the order of events which occur over a’perlod of
**JImc" What is the relationship or action described? Errors or inabilities in comprehending what they read may be due to the -
pupils’ failure to read for the express purpose of noting details. Explanatory or descriptive materials which deal with
" mathematical ideas are marked by a conciseness which is not characteristic of reading materials in general. Know the reading
abilities of pupils and select or adapt materials to their ability levels. pS

Present problems. orally. Provide for the poor reader by using'a tape recorder to record word problems. There are many
opportunities for engaging all pupils in problem-solving activities through-open discussion, through manipulation of physical
models and through the use of pictures and diagrams. No pupil need be denied learning experiences in problem solving.

In addition to selecting and addpting 1nstructlonal materials and procedures to the ahilities of his pupils, the teacher hlmself
can serve as a model in thc use of language. For instance, the simple written expressions, *‘the produgct of 8 and 9™ or “the '
sum of 8 and 9" are ult for those pupils who have alyvgys read “'8 X 9” as “8 times 9" or “8 + 9" as ‘8 plus 3. Teachers .-
can easily provide expenSnces with such verbal language expressions thrgugh their own use of them in writing at the board
and in reading symb3WN¢ expressions such as 8 X9 = 72" as “The produc of 8 and 9 is 72." Instead ofask;ng pupils to ““find

the answer to...,”" the teacher could ask them to “find the sum of...”" or “find th¢ quotient of.." Consider the following ways
of writing one simple fact in mathematics. ' . g . . :
{X./ Y T ) 1
? - o N
(1) 3+4=7 (6) . The sumyof 3 and 4¢s 7. \ g /
o . (2) 7=3+4 (7)  Seven is the sum-of 3 and 4. .. ‘

(3) 3 (8) Four more than 3 is 7.
’,a o = ‘_‘74_ (9) Sevenis equal to 4 more than 3.
g S X (10) Four-added to 3 is 7.
i o (4)  Three plus 4 is equal s .&1) Seven is 4 added to 3. -
L "(5) Seven is the same as three plus‘four. ¥ -

it . 4 ‘ : .
’; _If childrenyhear and:}l
b

i<

e the verbal variations in (6) through (11), they arc more llkely to be able to read such statements with

undcrqtand g _-f_;:& b B oo %
fo - The ubrllty to read any verbal problem with understanding and insight and fifd the solution is.a complex ability whieh<_
. _encompasses several cognitive factors and processes. There is no one step- by-stelp procedure which is best for every problem-

short stogy.

. Te‘ua shortstory.

" solver. However thc following procedure is suggested as a gmde for generaJ classroom use.

2

[hiat is, have the pupil read the vérbal problem and reviseé the narrative so that it is in the form of a

s

Select the mathematical operation associated wnh Ihe\*groblem stnucture

*  Write the number story or open number sente.ncg«;orrespondmg to the story.
- * .Solve the numerical problem S SR

. Answer the guestion asked i the verbal hroblem.

Check fo see if the solution is reason

' - V‘V
o E S

EMC“ / . . Be .. - t « N ’ A : \ . v X R

Aruitoxt provided by Eic:
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"~ DIFFICULTIES IN CO

ol omputatlons which students: Mdsmcult and has made some fugg K . B R
. In the strﬁﬂd Operatlons Their Propertles and ‘Number Theory a distigction is t)et operations and computatijon.
- Computation is the processing of numerals. The process yields the name of that num ich is assigned to a pair of

nufribsd; by the operation. For example, the operation of additPon assigns a single num‘ber called the sufn to the pair of
° numbgrs 17 and 18. By the process of computatlonz’one determines that the name of this sum should be 35 in the decimal
system of numeration. - N

“In order for children to obtain skills in computing, they must first have an understandlng of the operations. As descnbed in

" the strand Operations, Their Properties and Number Theory, each operation should first be related toa physical situation,
then. *zstrated through pictorial representations and number line activities and recordéd w1th numerals and qp _(at' '
symbols. , :

The abstraction of the operatxons should be pulled from the _physical world so that later in pr\)ylem so}vmg there w;,u,be no.
trouble when one also moves from the abstraction back to the physical world. The operations need to be clearly understood P
in order to organize and set up problems in symbols. The place of computation in solving problems may be seen in the

following graphlcal illustration. - L o
g,
» -
' . B
5 bl ¢ %;,, o \ a,
L4 ". ‘i'
N "
v
9, :
J'»_j e
s ‘\/
N
AN
. v ,}’ 9 &%‘/'\/'\«
N : . COMP‘UTAT/?ON , o Ty »
. ' ) using atgorfthms C NUMBER SENTENCES

using symbols
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In the Iower grades teachers typically make a pracuce of offenng whildren expenences with physical models associated with
aid: having iHefn recard- the results using mathgmatical sympols, However, in order to develop any of the
'nthms the pupll needs t6.use-physical modefs for_the operations that emphasize bundling collections into
. For tnstance the pupil sees that a collection Ef 9 gbjects joined to a collection of 6 objects yields a.

NG+ 0) objects }{é should’then actively experience the ndlmg of this collection according to the #kn’ s rule, or -

decimal eodkpg scheme. The act of bundling ana then reccrding t m as one-five (1 bundle and 5 singles) should piccede’
naming the sum “fifteen.” Early experiences with small sums such.as-these ate necessary for children to develop insight into4
computation as the processing of decimnal nufiférals. It should be recognized that this bundling is thg physical analogue of
those maneuvers called renaming which occur again and agiun in the computational algorithms. ’

With larger numbers, one or more of thé addends may need to be represented with bundles. For example in determmlng thé
. sum of17 and 6, the 17 should be represented by 1 bundle ofel0 and 7 singles. When-the collection of '3 is joined to this, the
resulting collection cannot be assigned a decimal name until more bundhng is done. In the example in the second paragraph
of this section, the sum 17 and 18 should be represented by 1 bundle of 10 and 7 singles joined with 1 bundle of 10 and8’
@gles Again the decimal name of the sum cannot be assigned until all possible bundling has been completed. The sum
should then be recorded as 35. The pupils should work individually -on many similar examples with phystcal objects Ei)efore
making the transition to using penul and paper excluswely S N 3

¢

The | stagesin which children move from the basic co cepts of the. operattons to the final computatmn{t{ skﬂls is called why
,(underStanding)"’ nd those skills which the children md?ﬁaﬁe 1o fmd the result with maximum speed are termed *how
(sktl,ls) ” The following examples show these stages. : :

A E ' . Why (Understandmg):“' ), , . pry ’(Skiu)

Problem\ 87 - 48 = (1

. . « @t
Understanding the operation 87 .
. subtriction, decimal Ny 48 = 40 + 8 = 0. -48
* notatign and regrouping, o %‘hm 9 : ’ 39 -
» and knowtng the numbervtaets RS o ;‘%, Wi, - {
" Problem = 91+7=0 L e gL PR , §
23 : 4 O et e
Understanding the meanjngj e 91 © counting AU | A 13
of division and the operation- /Y - i . . I 7)Y 91
Cof \ubtf‘ktmn and knowing ‘ 77 . o : 'L
the number factsﬁ s - U . 2 ' i
X
, ,; : & - . .
;—"—.’“g o < . <
. «; @ ‘.‘/‘\\ ‘
" H
e ’
;o A
REDEESVANN :

‘. . 4..‘ J 4 ~ [ * . sn ‘ Y -
B .. \(:‘ . - Ao . v ‘ . ' B . ey
,‘,"", h Lo e ‘ . so 491 -—7 = 1‘3.‘ ‘ ! P _ /a}g'
' M ) 3 [ . - ; { " 2
L LT g N ., . ! h T . S P
e S d . 85~ ' M o 'r‘/
2 . - . * L : § .. BT 1 P
. . . ) oA . SR - L
. < - @ . ) .
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[ ' ' . B . - (
| v ) . 3 <




‘

The development of computatiofial skills continues to_be one of the important goals of mathematics educatig
have difficulty in computation, the teacher will find it beneficial to-diagnose the difficulties. Although

The above activities allow children to discover their own patterns for computation. Since there is no single algorithgh f¢
. 91- - . . 7
: of the operations, he teacher should be. willing to let childrert use any mathematically sound process they wish.

. When pupils ‘
iagnosis is time

consuming, results will be,worth the expenditure of time. Early diagnosis will prevent pupil frustration, failure and con-
sequent lact of effort. If pupils do not understand -the algorithms; additional- problems of the same type will not prove ¥

then be helpful.
Acquiring skill' in
techniques.

istakes may result from lack of understanding basic Yacts rather than from failure to understand algorithmy,

beneficial. Howeversif they can see why-they made mistakes and can learn the correct procedures, additional practice will -
<asic_ facts requires practice, repétition and drill, but the teacher should use a wide variety of drill

An all-inclusive treatment of computational diffiiilties is beyond the scope of this guide. The examples given,.howevér’, will

serve as models for diagnosing dif ficulties which the teagher will encounter in his own classroom.

.
~

Typical Coniputati’on Errors .

’ -~

Suggestions T \\

. ./r .
L. Subtraction of whole numbers
-~ A, Jim wants t¢ buy a popsicle that costs 10g. P

-He has 7¢ in his pocket. How much money
must he take from his piggy bank t6 be able

« to buy the popsiclg? - , “
: Incorrect Correct .
) )
17¢ 3¢ | f;‘. \\
s ' .
! o g
e R ’
. i 2 ) *K .
@ ! . ;
. ‘ q/ N .
y ‘ i
/ v - )
‘,:l .:
) i
t \ A .
N CoL
T f; Incorrec(m CJOUE\T e o - .
p 2 . tast oo
Q\ =8 . 8.
\ 23 ‘ 17
. . 304 . 304 -
R -8 . -82 : Yo
: 322 I 222~ - o
" N ; % : A.22 “
7\ R »
Y v .
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Aruitoxt provided by Eic:

& ' more- Use'a set of three objects. Ask, “How nfany '«
.= more re needed to make 97" (3) Comparison— Corp-

¥a

The pupil does not realize that there are uses of sub-
- traction other than take away. The example shownat . . -
the left is one example of how many more are need-

ed. . . : '

Exemplify ”di_(flér“e:r'n_ﬁiodels' for subtraction. Some of
these g J€1) Take away.—Use a set of 9-objects. -~

Remove 3 gbjects. How many are left? (2) Ho% nfany -

pareliﬁét’of 9 objects with 2 set of 3 dbjects. Ask,:, £
" “Hew many more dre in the_largest set?” (4) Inverse

. bf Addition= Write 3+ O = 9.0r (J + 3 =9. Ask, v

‘¢

$'What number wotdd make this;a true
the strand entitled Operationss Theit
Number Theory. s

l\",'my err&rs in subtraction’ wlhigh p pits make
throughout theglémentary grades could be avoided
with the use of proper vocabulary. On beginning the
use of the symbol, =" in subtraction, rarfslate it ,(
“minus,”’ not “‘take aw,ﬁy.”'For examplé, no,t,read"r“‘f
9~3as “nine takv”é\vay (tvhree,;’,but readsit ,a’s"“nine' Y A
minus three.”"Also do not over-simplify if eXplaiping.: - 7%

’

by saying, “You always take the smallérnuleperéfoms v~ "3
the larger,” since this leads to errors in compwation, -5, «
. o

later as illustrated in the w:xt_example. . o

. ) . T u" .
The pupil may understand the subtraction opera}ion > J
but not coniprehend the subtrattion algorithm. '

This difficulty is due to a 1ac.k ofﬁdergtandin Lof o

flace value or of different ways of d#ming a number.
A pupil having such ditficulty should have experience. . -
using place value devices with counters$ These pro-
blems would require the yse of counters bundled.into
“tens and hundreds. ET@W the use of .manipulative

L T " SRl 7 T ¢ > T O A |
O - . .. S " ) “}/ o ~‘ i RN o NN . -.'.
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. I o . j‘ R materials the chl]d sb.ould~reahze that in subtracttng 8
' - from 25, he may répresent 25.as 10+ 10+ 5 0r 10+
A 15. The teacher should.lead the pupil to see that the
N R ' logical choice here would be 10+ 15 for two reasons.
- TP .He needs 8 or\more'iri the ones column, and since the
' second column- contains only multiples of 10, he
must use one 10 from that column o combine with
2 : the 4 ones.” Pupils should be encouraged to use
. - P methods other than the standard algonthm if they are
beiter understood Some alternate methods are as fol-
- ’ lows
(1) Number lrhe .
. o - ) o Marking the 8 as an addend and 25 as the sum, and
. , o findihg the missing addend. '
Y ’ : (2) Counting on or counting back (similar to the com-’
‘ ’ ’ . plement method) ' . e, -
' . L Wa ' . :
5 i : S ©25-8=15+(10-8) |
: L e S+ whichis 15 +2 o . .
9 : b s R J)Vz. -whichis 17 .. ¢ ' ‘
L T . 5025-8=17. s
A '1‘@% AT Coort * S
| 25-8=5+20-¢% Y
-which is 5V+.'v,. T
: ~«  ‘whichis17 . % o '
. 1 : . %
« . o w2s-g=17 o T
: ‘,.,,% _ - o : C 3) Algorrthm ofmtegers (where approprrate)
Y S : - ‘24,
R " %"
. 3 L B | : ~4(by 4~ 8=— 4) s

0 (Yhaw? teng- Otens =2 tens or 20)
£16 Y 4+20=16)
o3 . .
(4) Other methods whieh pupils may devise, They

should be encouraged to analyze thejr methods-fo
make sure that they are mathematically sound.

A

SR T
. N v » { - k . .
23 , .+ For background for the division algorithm each pupjl
should progress through the following in.sequence.

Some pupils may move through tfis sequence more ‘

h .

° rapidly than others dependmg upon their understand-
ing of each stage. If a student rs having difficulty wi h
_ (e\the final algonthm he needs t9 have exposure to ca
, ‘ of these methods ?’\ " ;
5 g . )
" e
. ”, ~F
- t \‘_ ,

S

.



Division Algorithms C \
(1) Subtracting the divisor singly.
32+4

- 32 ' .
-4 | ) .
28
-4 1.
24
-4 1

20
-4 1
16
-4 1
12
-4 1
5 .
-4 1
=
-4 1
0

This illustrates that there are 8 foursin 32 or 8 X 4 =
32, therefore, 32 -4=8

*(2) For larger iumbers it would be impractical to
subtract the divisor singly. The progess may be short-
@ using multiples ot the divisor.

256 4
4) 7256
-40 10
216
-80 20 v
136
-80 20
56 -
-40 10
16 - ‘
-16 4 -
0 64

This illustrates that there are 64 fours in 256 or 64 X

4 = 256; therefore, 256 ~4 = 64. Y
.

88"




irv .

(3) Subtracting multlples of the divisor M\ﬁ afe pvp
ducts of 4 and powers of 10.

'y

..
_ ) _ 4;(
4y1296 . .
~400 . 100 ’ Co
896 :
-400 © 100
496 -
400 100
o e—-———96 .
© ~40 10

56
" 40 10
16 )
-16 4
a ) 0 324
As shown in the preceding example, there is an
obvious advantage in subtracting mulitiples of the divi-

b,  sor which are l_arge block multiples'oftens, hundreds,
etc.

A further refinement. of the preceding method would
be to choose thd largest multiples of the divisor and
powers of ten. Ndo so will give meaning to the
traditional algorith

4)1296
-1200 300
96
80 20 ~
16
-16 4
0 324
[ Y
89 a l .

J




Incorrect

86
7y 622
56
T4y
42
0

'

Incorrect
46 +7=6
s~

o

(4) The traditional algorithm
/ \ ThHTU |,
‘ 324
471 29 6
- .

.
NNU

6

. 6

0
! The letters representing ‘thousands, hundreds, tens
and ones placed above the quotient should hejp the
pupil to realize that the 3 in the quotient means that
there are 300 fours in 1296, the 2 means 20 fourg in
96, etc. These letters should help him/to realize htat
as he writes the' 8 under the T that he is using a place

value lpcation allowing him to omit the 0. o

Some pupils may i)refer to write the zeros. The teach-
er should alloyv them to write the zeros if they find it

“ . - helpful. - ' .
Correct . ' ‘ . ;xs an operation, division should be presented as the
‘ inverse of muhxphcatlon See the strand entitled
AY>7) . Operations, Properties and Number Theory. The
56 algorithm generally used in processmg division is
.62 ) calléd the long division algonthm In example A., the
1__5_6 [ error is actually, one of computmg differences. More
6. work with processing subtraction problem should cor-

N rect-this kind ofdlfﬁculty
2

Correct her difficulties may be related to not knowing sub-
’ . traction or multiplication facts or to errors in pre-
46 +7 . 7 cessing multiplication and can be remedied by re-
:;)::en:t tgaching and prattice in rglated skills. However, the

errors in examples B. through E. represeht misunder-

whole nuraber. standings of a deeper nature, that is, misunderstand-

i ‘I‘n;t_ead‘ v ings of the questions about numbers which the pro-
\(7 )_(6) va ‘cess is designed to answer. To answer the question,

“Does 7 divide 46,” one asks the related question, “Is
there a number which multiplies by 7 such that their
product_is46?” Recall of the 7-facts or examihations
of the multiplication chart reveals that there is no
such ﬁumbe,r, and one concludes that 7 does not
divide 46. That is, the mathematical expresgion “46 + -
7" does not name a whole number. However, in appli-
cation to the real world one isoften concerned not so
much with the question, *“Does one number divide
another?,” but with two questions— (1) How many
subsets of a specified number of objects can be
removed from a given set? and (2) How many objects

90 )

99



&

3 ' " remain? For example, (1) How many subsets of 7

. o ‘ . / objects each can be removed from aset of 46 objects

) ‘ r _ and (2) How many objects are left over? The proces$
< i . . employed in finding these answers is Tong division. In

the process of answering the questions one must
remember to find the greatest number of subsets
which can be removed from the given set.

C. Incorrect - Correct In example C., 218 subsets of size 4 cannot be re-
i’ moved from a set of 152 objects. In example D., it is
218 . 38 true that 2 subsets of size 42 can be removed from a
4¥152 4)152 ' ' set of 849 objects, but 2 is not the greatest number of
8 12 such subsets. Also, in example E., 23 is not the great-
T ] 32 , " est number of subsets of size 9 that can be removed
4 32 from a set of 1827. In each of these three cases, if the
32 o o pupil had used estimation or intelligent guessing in
32 ' ' predicting an approximate number of subsets to be
0 % : removed, he would have realized that the answer to
' . the first question is not correct.
D. Incorrect Correct .

2 20

- 42)849 42849
84 84

9 : 9

E. Incorrect Correct” -

23 203
9)1827 9 )1827
18 18
27 7
27 . 27 -

0

o]

Note that the long division process can be used to
determine whether or not one number divides an-
other. For example, the expression, 5632 +176,
names a whole number if and only if there isa single
whole number which multiplics by 176 such that
their product is 5632, One can instead ask, (1) How
many times can 176 be subtracted from 56327 and
(2) How many remain? If the answer to question (2)
g is zero, then we can say that 5632 = 176'= 32. The
! related number sentence is 5632 = 176 X 32,

f "In summary, there are five types of difficulties asso-
v ciated with using the long division algorithm.

(1) Skill in estimation— The development of this skill
should begin prior to the introduction of the division
algorithm. Estimation skills can be developed in the
. y ) context of questions such as, “‘About how many

T R TR
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A.

-

L Addition of Fractions
Incorrect Correct
2 _ 2 _ 8
3 317
.S 2 5 .2
v - = _ —_— = —_
23713 23 = 33
3 .
123 1,2 7
. — —t - =
203 5 2 '3 6
IV. Subtraction of Fractions
Incorrect Correct
- 7
7 - 2=
8 8
' r_ 9
() —_— 7 '§ () 8
o l - _7 = -’l
8 8 "8
4 2
8 4§

ERIC.

Aruitoxt provided by Eic:
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times can a particular whole number be subtracted

from a second whole number?” or ““What is a multi~
+  ple of the number called the ‘divisor’ which is close to
but less than the number called the ‘dividend?’ Close
to but greater than the number called the ‘Dividend?”’
Do you think the answer to the first question is some-
where in between?”’

(2) There are rwo answers in the long division pro-
cess. That is, the process is desighed to find answers
to two questions.

(3) Division is impossible for many pairs of numbers.

For instance, the expressions 622 + 7, 46 + 7,849 +

42 do not nam¢ single whole numbers. In using the

long division process, children should realize that if
the process yields a non-zero remainder, one con-
cludes that the dividend is not a multiple of the divi-

sor. However, 152 = 4 and 1827 = 9 do name single
whole numbers since the long division process yields

zero remainders.

(4) The long division process is not a singular one. It

is a combination of pracesses involving estimation,

multiplication, subtraction and addition.

(5) Children, accustomed to memorizing multipli-
cation and addition facts,*find it more difficult to

think in terms of division and what the operation of

division means. See the strand on Operations, Their
Properties and Number Theory.

-

N o . :
The causes of errors in addition of fractions may be

due to errors in writing sets of equivalent, fractions
such as examples A. and B’ Suggestions for teaching
equivalent fractions may be found in the strands

’

Sets, Numbers and Numeration and Relations and

Functions.

Suggestions for teaching addition of fractions may be
‘found in Operations, Their Properties and Number

Theory.

This error is a carry over from the subtraction of
whole numbers. In such computation the pupil would

write | beside the numeral in the ones place to repre-

{ sent the 1 ten which he had borrowed. Writing it in
this manner.was all right in computing with whole
nynbers since he was computing in base ten. How-
l«\,m.in adding fractians this pupil did not understand

that adding | to -:3- in this problem actually results
!
+-

-~

in adding

B to
8

/



Incorrect Correct Stress the important fact that 1 has many equivalents,
and'that the pupil should choose whatever form of 1
is needed to give a common denominator in the par/
tlcular problem. For example, 1 = % =5 = —- =
—5— Nouce in examples A. and B. the equwalen't re-

4
present -3- to .

=~}
~
)
~
]
=,

FNE

|

—

The pupil making error B. does not realizé€ that the
number “seven’ should be represented by symbols’
other than 7. :

It is obvious that the pupil making error C. does not
realize that he must have a common denomin
when subtracting fractions. See the strand on Opera-

- tions, Their Properties and Number Theory for a dis-
cussion on subtraction of fractions.

0
wh
Sle |- e

&=

C. Incorrect - Correct

i
w
jor
~

3

W=
W= wl
@

[}

) —
.

[ %]
s

, B ' , ! . e
V. Multiplication of F.}actions ’

Incorrect : Correat This error is usually made after the student has learn-

8 ' ed to check for equivalent fractions or after he has

A 3 X 779 3 3 VI . studied proportion; in each case he is cross multiply-

: ing. Bring to his attention that in working with equi-

1 Valent fractions the symbol “*="" is used, whereas, if

¢ fractions are .to be multiplied the ** X’ is ustd in
\‘( such problems as A.

Incorrect Correct ) ’ The student may realize that 3 -% means 3 + —:— but

- M ) he does not recagnize the significance of this principle

B. . 3= X2 2= 3 2 x2Z-= * in this particular exercise. The student may use two

> 3 3 different methods to solve this problem.

(&} +—25) X @ + %) = In (1) the sum of the partial products are given. It
might. be helpful for the student to compare this . «
“method to the partial products as used in multiplying
= whole numbers such as 23 X 45 where the sum of the
partial products would be (5 X 3) + (5 X 20) + (40 X -

12 4 ' ? 20) or 15 + 60 + 120 + 800 or 995..
6+ S+ 2+ —

6 +

93 ' 1 \

102 o




(2 32, 22 _
?X 3
17 8 _
X7
A\
13 _ -
1 IS \
b 1
- ' 1S
V1. Division of Friction « N
N ":Aya ’
! "~ Correct
3.2
z7 5 -
4 2 9 - g
20X £ = A - S
3 3 12 7 12 .
3 Coors - |
9 i
e Ly ~
| .
2 )
§ ) 4 T 3
- ? 3 3,002y 3, .
(4X2)(3X2“
- 9o . _ . |
§ hl l -
I
: I3
AN
.8y
o

94
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Aruitoxt provided by Eic:

“* denominations.

1o ¢

ln (2) each leCd humeral is wrltten and used as one
fraction.

Taq record the numbers used in this method lie should
“realize that 3 g theans 3 + -:— Therefore, l;— +
—g— = —’31 . The teacher should ifsist that the pupil

use this procedure before using the short cut 3—% is

b X342 0r 17 v
g

5 5 .
If he uses the short cut with no'understanding, he will
in later grades make ‘such mistakes as
3+ is2X3+5 bi 1l
) S

—

'

o Sec the Operations. Their Properties and Number

Theory *strand for a thordugh discussion of the’

operation of division of rational numbers. The two
major methods or algorithms for dividing with frac-
tions are illustiated. The common denominator al-
gorithm used in the first correct example can be justi-
fied by- reading 12 + 82 as29 twelfths divided by
8 twelfths,” i.c. using the fractional parts, twelfths as

The reciprocal algorithm is used in the second correct
cxample By multiplying the dividend and the divisor
each with the recnﬁrocal of the divisor, the quotient
".remains unchanged and the divisor becomes 1. Of the
two methods, the reciprocdl method is more widely
used; however, few pupils understand why it works
and often invert the wrong fraction. The ommon
denominator method may, not be as well known, but’
it is more readily understood by children. The com-
mon denominator method may be illustrated by
using strips as shown. (a) Find the number of eighths

insix-cighths or & - 1=00,
llllllll\
&888&%88
v —6— " \
8

The pupil ‘can easily see there are 6 eighths in six-
eighths.

((E)) Findl the number of one-fourths in six-eighths or
T+ 4 =0. ] q'l

The problem written as 3 ~ 7 =
readily understood if a drawing is used >
NN LGN

ZINNZHNN

The pupil can see that there are 3 two-eighths or 3
one-fourths in 6 eighths.

2 o)

s .2
8 ¥ 8

is more

\
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VII. Division of Decimals ’ , : - o o
"Ingorrect Correct , . tfore beginning computation with decimals, it will
. K helpful to explain thoroughly that decimal frac-
95 - 83 ‘ 65 tions are an extension of base ten place value. The
’ - 83.)53.95 ' difficulty arises in the present example because the
.65 ' pupil does not understand the ‘extension of place
8.3 )5395 value. Division of decimals edn Me presehted'as the
. < 498 - Z inverse of multiplication. In the example shown, 8.3
) 41 5 ‘ : is a factor and 53.95 js'a product. Ask the question,

’ . - [ - . i "| . " 1 A
a5 _ L Tenths X (1= hundredths or X 0= 5"

' ‘ The pupil should see that 1/10 J } replacement. for
L the OO , and that the missing factor would be one -

tenth. One way, of showing this method is as follows.
65 tenths or 6.5

. T "83 tenths ) 5395 hundredths
. [ 4

v
e

A #eco\nd method is to record the proble;m using com-’
mon fractions so that the divisor. and dividend have

common denominators. !

: _ . L5395 83 -
o ‘ | R 5395 & 8.3 =755 = o

. . _ 5395 . 830
i : . : T100 71
A third method is to record the problem as oné com-
p * mon fraction and multiply the numerator and denom-
. inator by a power of ten in order to make the denom-
. ' oL ¢ inator (divisor) a natural number. o

5395 _ 5395 (10 _ 5395
83 8.3 10 83

i C ) The third method is the one usually used with carefs

) . placed to show the placing of the decimals. If this
< . . ' ' miethod is used, care must be taken in recording to ~
align the decimal of the quotierlt with the caret in the -
dividend.

™

Lot ,
VIII. Subtraction of Integers .
N / Incorrect Correct Errors in subtraction of integers are from two causes.
\/ ' (1) The pupil does not understand the operation with
A tg = "3 =5 tg = "3 = integers, or (2) he makes mistakes using combinations

- of whole numbers.

To alleviate errors due to the first cause consider sub-
traction of integers as the inverse of addition. In this
problem, *8- "3 may be stated “as, “What number
added to negative three will give a sum of eight?”
_ . (Note that ~3'is read “negative three” not “minus
three.” “Minus” is reserved for the subtraction

\ symbol. - \




S L This proble.m of subtraction of integer\}‘&Q+ O="8
' o o - can be illustrated with a number line.

~ '

o
N
s > N
-~ . —
" )
. N
v o : ~ .

"5"43"2"]0123'45678910

’ : ~ The points corresponding to the krown addend and

. » * the sum are marked on the number line. The pupil
ST o ‘ should then count’ the number of units from the
’ addendto the sum to find the missing addend. If he
counts toward the right, the missing addend is a posi-
tive number; and if he counts to the left, the missing
addend is negative. The pupil should have experiences
using the number line to solve different- types of sub
traction problems with m(egers

u : _ . : The pupil should be encouraged to observe many ex-
amples in order to discover the pattern thatsubfract-
ing an integer gives the same result as adding its oppo-
site. The teacher should provide many examples with

P correct answers.
( R N -
. T They must be selected carefully in order to have the
* ] patterns necessary to guide dlscovery One set of ex-
- . N
_ St - amples to use is as follows,
: : V' . » ) 1 :

4\

8

+

t

W

B ]
[ S +
Gl N

+

E-N

!

+

=5}

"

FEE - E

v -~ 8 - “§ = 4 + "6 =
8+ Y5 = 4 - "6 =
8 - ' = 4+ %6 =
‘& ) .
IX. Multiplication of Integers Errors in ml.xltiplication of - integers are from two

causes. (1) The pupil does not know or understand

L Y
/ Incorrect Correct the definition of the operation, or (2) he makes mis-
8 X™5 = 40 8 X5 = t40 takes in multiplying the related whole numbers.
\\' q . b . =
1 96 s > \

1 U;f,”
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The definition of multiplication fer integers is more

difficult for pupils to understantt because it is more

difficult to relate the operations to objects or-phy- .
sical situations. Of course, a negative number times a

negative number is most difficult. Thq‘rc are many
methods of justifying the answer for this problem.

The pupils should be exposed to several so that he

may choose the one he believes. The physical situa-
tions may seem artificial to some students, but there

are several that can be used. See those used in.the

strand on Operations, Their Properties and Number

Theory.

A more mature student will enjoy a simple proof
using several important properties for integers such®as
a X0=0, aX1=a, aX  a Forexamvle. if a
student has a problem6 X 9 = (0 he may be able-
to understand a proof of multiplication of two
specified integers as the one below although he may
not be able to produce it,

Statement . Reason
t9+79=0 . Inverse element for
addition of integers
6(*9 + T9) = 0aXO0=0

"6 X*9+76 X 9 =0 distributive progerty

54+ 76 X79=0 multiplication facts
“s4+ts4=0 +,additive inverse
Therefore

6 X "9 ="1sq The z;dditiveinverse

’

of a number must

\ be unique.

An advanced student' may want to do the proof for
the general case "a X “b =*ab. *

Log
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CONTINUING PROGRAM IMPROVEMENT
, . ' i . Vo . '
A ) ] ) . ' ' v
Long range curriculum planning.is necessary for the development of a good mathematics program. A curriculum committee
should "be in continuous operation ko evaluate, to improve or to revise the program. The cominitige should schedule
evaluations of the program for specitied times; this schedule should be correlated with the schedule pf evaluation of the
'puplls pmgrcss ' . ’

'I'hc plan of the local program should be in writing, and should be available to alt of theeleientary teachcrs This guide is not
- acourse of study for the local schools since it is not all inclusive. It should serve as a guideline in planmng the mathematics
prpgram of the local elementary schools. The ebjectives in the local gllldC shduld be an expansmn of thost in'the state guide.
18eally, the objectives’at the local level- should be written in Speuﬁc measurable, behavioral terms. The objectives should be,.
determined before the textbooks and othcr matenah..ﬂr\cycucd sincé the textbook is not the course of study but is one of

the tools to aid instruction. N N . . . ‘
The mathematics program should ‘ . T ' Lt

S
. be consistent, wntlﬂhe total program of the local systen so that there will be mrrclatlon with other curriculum areas;

e

<. fulfill the ob]e(tlves as presented in the local mathcmatlcs guide; . .
- be an expansion of the state mathematics gundc_, ' 3 <.
’ . have consistent, accurate and precise vocabulary; ‘
-+ include plans for best use of textbooks and othcr‘majtcrials; ’ - o
B include plans for best ose of audio-visual aids &nd ETV; . = -

. _provide for continuous improvement, )

-~
‘.

. rcﬁcu rescarch ﬁndmgs of recogn17ed authorities in mathematlcs educatmn ' - '

v ‘.

Wntmg Local Guides ‘ ’ : , St -

_ The local guides do not need to follow, & pattern.. They should be in accordance with focal needs and should be in a form
for best utilization. Some guides may be an enlargement on pr extension of special units specifically selected by the local
staff, : - : :

In order to achieve the goals of the mathematics curriculum it is essential to have well planned, regularly scheduled inservice

- programs. In these meetings, the statf of the ocal schools should utilize the state guide. The inservice program could center -
around one or thore of the fulluwmg,

'
»

.. smung specific ubjecnves cach one written in terms of-the desned%ehavmr the situation mvolvmg such behavnor
" and the criteria for success; - |

- writing additional activities in each of the strands or in specific sfrands; -

. hav‘ing indepth studies in one or more strands so as to develop them furthes;

. developing a mathgmatics lshoragory and writing plans for its use considering effective staff utilization, organization
of niaterials and Facilitation of their use and instructions to students through such devices as activity cards;

. C(_wllccting and organizing various materials to use in teaching the strz;.'nds_: ‘

. developing local guides to fit the logdl needs, such as to devel‘op specific skills needed by local industries;

- developing charts for rccmding the_evaluation of pupil progress. _ ‘ .

' h 1
Achievement of Goals ' ‘
- ¥ ' ) o
Pupil achievement shbuld he in terms of growth, change and progress in the attainifent of locally established objectives.
Ability to use many processes in appropriate situations is an important facet of achieveent. The mathematics curri‘iiium

should provide ¢ontinuous opportunity for the pupil to progress in a program at his level of ability. The teacher has a sense of
achieverment if he has provided an opportunity for success in the program for his pupils. .
) s
) [T I
v ’ [ 1 ‘~‘ -/

Q ‘ ‘ . , '
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“The program should be flexible enough to encourage innovative practices such as trymg out new materials and new methods.

ldeas for these may.be obtained through parnapanng n pmjcssmnal meetings, reading and studving pmjcwnnal Journals and
other publications and working wi th consulrants and mhc’r resource people.

The excellence of a program is perhaps best represented by the manner in wlmh a suitable balance 1s achieved between
challenge to the student on one hand and opportunity for success on the other. P

N

Selection of Textbooks . \ ~

Since there is multiple adoption of textbooks for the state public schools, the local systems need to establish criteria for

selecting those which will be locally adopted. It is suggested that a local wmmlttce be composed of representatives from cach -
school and-from the different grade levels. This committee should begin its work one year prior to the selection of textbooks

at the local level. 1t should study local needs wnsndcnng both the experiences of the pupils and the background of the

teachers. ‘

- /\/’ . *
When the comnijttee has narrowed its sclutmns to.a few books, pilot programs should be instituted in representative cases
where financially feasible and compansons made of the results found before the committee makes the final selection. This
practice would alleviate the dangers of having 1nd1v1dual teacher$ making the choice of textbooks and of having no sequence
throughout the school program.

The textbook committee should accept as its responsibility the selection of diversified textbooks for dlttcrent levels to suit
individual needs. Also, textbooks for supplemental uses could be chosen as well as those for CXpCrIH]CH[dl purposes.

If textbook moncy is limited, the committee should investigate sources of revenue for implementing the needs, such as the
various federal funds. If sufficient funds.are not available to purchase basic textbooks for all levels, a careful study should be
made to determine the best usage of funds. N

In selecting textbooks, the local committee should comggder specific criterin Among publications in which such listings may
be found is the Criteria for Selecting Textbooks of the National Council o Teachers of Matliematics. Criteria such as the
following should be taken into account.

- Throughout the series does the content include sufficient material to develop the concepts as stated 1 the objectives
of the strands in the state mathematics guide”

- Is the spiral approach to leamning emphasized in the content” Are topics explored in more depth at cach level?

- Is the 'method of presentation conducive to logical thinking through pupil involverment and discovery of patterns
and principles of mathematics”. -

- Does the presentation of material allow achild to inove ahead at his own rate and terest level?
- Is the material appropriate for the child's vocabulary and reading level”
© -« Isthearrangement of material adaptable to all levels of ability”. -
Is the review of previous level material distributed throughout the content areas rather than concentrated in the
beginning of the book?
» Is the drll workdesigned to reinforce the basic concepts?
- In the series, is there multiple authorship which includes a mathematician and a teacher experienced at this level”
+ Are there sufficient diagnostic and evaluative materials. including those for self-evaluation” (Such matenals could be
included in text, workbook or manual.) )

. ©

Do the teacher aids include a rationale. the pupil's material, suggestions for individualizing instruction, additiona)
resources and cv;lluation procedures, and are these aids convenient to insure effective use”

« Are the textbooks dumhla, attractive, of convenientsize, of good quality matenal, of suitable type and tunctionally
arranged?

100
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EVALUATING PUPIL PROGRESS

Evaluation is diagnostic, prescriptive and individualized, and should facilitate self-evaluation. The evaluation is developed by
many methods and from many sources, E:Suanou may be made in the context of.pyojects, problem-solving situations, daily
class participation, paper and penal tests a standudlzed tests given for diagnostic purposes. For advice on selection of tests
for specific purposes consult with the Guidance and Testmg Unit of the Georgia Department of Education.

Projects should challenge the pupil without frustrating him, provide opportunity for applying mathematical cencepts already
learned, be appropriate to the interest and ability level of the individual and be shared after completion. Problems should
arise naturally from classroom situations. A teacher may contrive problems to relate concepts learned to real situations and to
challenge the pupil to reason and think beyond the level at which he has computational competency. Class participation
should involve every child, build conﬁdence in the individual, create an atmosphere conducive to building a positive self-
image and should not be dominated by any -one individual.

~

Waily performance ‘of pupils including questions pw;{ils ask and their response to teacher queations are excellent ways to
evaluate the understanding of the puplls. Activities which allow pupils to demonstrdtc understanding of specific objectives are
g@od instruments through which to measure understandjng”

Tests should be given to determine pupil achievement of specific objectives, and can be varied by requiring descriptions of
ways to solve specified pmblems rather than requiring numerical answers.

Teachers need to make tests that are short enough to give the pupil time to think and complete the test in the time alloted.
Teachers need to be careful to give specific and clear instructions. Tests may be used as learning experiences when they are
returned and discussed with pupils, Tests should be well bglanced to cover the objectives which are to be tested. Tests should

be checked and returned so that the pupil gets immediate feedback.
~

Evaluation procedures should provide the pupil with an understanding of his progress and difficulties. Evaluations should be
made often enough to direct the development of the curriculum for the individual. Records should be kept in a form which
clearly shows the progress of the pupil. > ‘

The charts given here are suggestions and only one strand has been used for illustrative purposes. The teacher may wish to
sub-divide the larger topics into specific concepts which can be taught in short time periods. The process of developing his
own charts will help the teacher to determine the direction in which he plans to move and assess what he has accomplished
when he checks the progress of‘thc pupils.

tt is most important that the receiving teacher know at what level the pupil was peirorming at the end of the previous school
year or at the time of transfer. For this reason, a cumulative record should be kept for each child. This chart may be checked
by recording at the end of.the presentation of a strand or at the end of the school year. To facilitate the record keeping, the
teacher will probably prefer to keep a ctass record and then transfer the irifformation to individual records. By seeing the class
record as a whole, the teacher can see the strengths and weaknesses of the total class.

Records of individual pupil's progress should be kept in his cumulative folder and passed on'to the next teacher. A chart
should be made for cach strand. (See Chart 1 .- Pupil Progress.) Charts should be made 0118-,;-" by 11" paper for easy filing.

There are three levels of progress indicated for each child. The first levél indicates only that the teacher has presented this
concept to the child. The second level indicates that the child uses the concept under directions. The third level indicates that
the child uses the concept independently.

101 1 ’>/ .



SAMPLE -

Individual Pupil Progress Sheet ‘
~ Sets, Numbers, Numerations - -
. ) . anary Level ’ '/ . .
N.aﬂ]e . - _ .
Date
Grade
. . B ‘
3 2
o S =
. g : g A3 =L
‘ 28 |SER |SES
4 Qo O = = E o
2 |&3S8 (583
Objectives =8 |£8% [£ 3.5
1. Place two sets in one-to-one correspondence
2. Select subsets of a givereset
3. Assign the cardinal number toaset -
4. Assign whole number names to sets of objects
5. .Order the whole numbers
6. Put in one-to-one correspondence the ordered set of whole numbers and
points on a line :
7. Read and write whole number numerals and number words
8. Demonstrate the ability to use the place value code of writing numerals >
9. Demonstrate the use of another s;'stem of numeration
10. Demonstrate the ordinal use of numbers
11. -Name the ordered p’air of whole numbers associated with fractional parts .
. of (a) units
(b) sets
12. Order fractional parts of equivalent units by size, and name the corre-
sponding fraction .
13. Discriminate between an ordered pair of whole numbers used in a rate
context and in a fraction context
14. Show that two or more number pjirs or fractions may be associated
*  with equivalent fractional parts “
15. Identify and describe situations that req‘lire the use of directed whole
numbers
16. Count by twos N
Count by fives
Count by tens
Count by hundreds
17. Identify odd and even numbers
18. Identify giveh number patterns
19. .Complete given number patterns
Chart 1
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DIAGNOSTIC CLASS CHART*

Number Theory
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Name of Pupil

 Adams, Sue

Brown, Wayne-

\

Chart 2

4

*A diagnostic Class Chart with a sample of objectives from some of the strands is given, A iagnostic chart with objectives for the year will help the teacher see the strengihs and

-~ weakness of the class before beginging a strand, Such a chart could also be used as the teacher completes his presentation of materials from each strand,
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Chart 3

A teacher may desire to make small leaming step analyses of his pupils.

This chart is & sample of small steps one teacher selected for her first grade.

Y
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~ UTILIZATION OF MEDIA

INTRODUCTION

The use of a variety of materials can imprové learning and instruction, since the individual needs of children vary and -
individual children learn by different means. These materials help to stimulate new ideas and concepts enabling children to
solve problems whose solutions are af yet unlearned responses. A variety-ef.media should be readily accessible. In planning
and organizing the housing of materials those often used and those occasionally used should be taken into consideration.
Thi\g variety of media should include materials which are adaptable to each pupil’s particular ability level.

Many valuable teaching aids may be made inexpensively, and pupil participation in their con;tmction serve as a learning
activity. A number of books are available which assist one in making aids. A number of these aids are listed in the references.

Many worthwhile, commercially prepared aids are now on the market. A special committee composed of those who
determine the purpose and method of instruction in the local schaol should participate in the selection of instructional. -
. materials. These instructional materials should be examined or-previewed to determine their probablée effectiveness in the .
situation where they are to be used. Instructional materials in kits, packages and series should be thoroughly examined prior
to approval of purchase. :

" Audio-visual equipment can be used in various ways, and teachers should be alert to innovations in the use of all media. For
-example, the overhead projector may be used in many ways other than for projecting transparencies. In the study of sets,
collections of small objects may be placed on the overhead projector and their shadows can easily be seen by all pupils. The
tape recorder may be used in work with individuals or small-groups; it is especially helpful with the slow reader.

The Georgia Department of Education television network has regularly scheduled programs in mathematics at all levels.of
elementary school. These programs supplement and enrich the classroom teacher’s presentation. Schedules and gundes giving
information on each lesson are avatlable from the director of programming.

Films and flht\tstrips should be previewed and carefully selected before use in the clas§room. The Georgia Department of
Education publishes an up-to-date list of films and filmstrips available through the Audio-visual Service.

Magazines such as The Arithmetic Teacher and The Mathematics Teacher, pub.lications of the National Council of Teachers
of Mathematics, contain excellent articles for teachers. Many valuable books are available through the Georgia Department
of Education Readers’ Services of the Public Library Unit and may be requested through the school or public librarian. _

The list of materials which follows is not meant to be all-inclusive. These materials should be very useful, and teachers are -
encouraged to try many of them. The reference lists are limited and are annotated for the use of strands or subjects in the
guide. The teacher may find these references useful in strands other than those for which they were annotated as well as
references which are not listed. ‘

The instructional aids for use in the activities of the strands are listed. - ’ ’ .

Teaching practices involving various instructional materials should be carefully evaluated in terms of effective results. The
information relative to those materials whose use produces the most favorable results should be shared with teachers not
only in the school system but with others. Provisions should be made for frequent revision of any local]y approved list of
instructional materials to allow for deletions and additions needed to update the curriculum. :

Materials on medla that are available through the Georgia Department of Education, State Office Building, Atlanta, Georgia
30334, and the offices from which they may be obtained are listed below.

Viewpoints,; Instructional Materials — Selection at State
and Local Levels, Suggestions for Use

Director of Elementary and Secondary Education

Catalog of Classroom Teaching Films for Georgia Schools
J Audio Visual Unit



Selected List of Books for Teachers K
Dirse_ctor, Readers’ Services, Public Libr-ary Unit

Georgia Library List for Elementary and High Schools *
Director, School Library Services Unit

In-school television scheduies and guides for educational television
Director, Television Programming

kel Georgia Educational Television

Georgia Department of Education
1540 Stewart Avenue, S. W.
Atlanta, Georgia 30310

—
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. REFERENCES

Abbott, Janet S., Learn to Fold — Fold to Learn. Chicago: Lyons and Carnahan, 1968.
A pupil workbook about reflections; teacher’s edition available also.

-
-

, Mirror Magic. Chicago: Lyons and Camahan, 1968. g
‘A pupil workbook about reflections and symmetry; teacher’s edition available also.

AssociationnofTeachers of Mathematics., Notes on Mathematics in Primary Schools. Cambridge: University Press, 1968.
’ Suggestions and lessons written by teachers for primary teachers use. This book is available from
Cuisenaire Company of America, Inc., New Rochelle, New York. o

Banks, J. Houston , Learning and Teaching Amhmem Boston: Allyn and Bacon, Inc., 1960.
Several chapters have suggestions related to difficulties with computatnon

Behdiek, Jeanne and Levin, Marcia, Marhematics llustrated Dictionary. New York: McGraw-Hill Book Co., 1965.
- \\ This book is a student dictionary containing many of the terms as they are used in the guid€. It also

/ ! contains diagrams and pictures helpful to children.,
Berger/Me

Ivin, For Good Measure: The Story of Modern Measurement. New York: McGraw-Hill, 1969. .
Interesting and little-known facts about the development of systems of measurement, the importance of
precise measurement fh science and industry and the many ways that measurement is used subcon-
sciously. .

Bloom, Benjamen, et. al., Taxonomy of Educational Objectives. Handbook 1: The Cognitive Domam New York: David
McKay Co., 1956.
A help with maKing and interpreting tests.

Bowers, Henry and Joan, Arithmetic Excursions: An Enrichment of Elementary Mathematics. New York: Dover Pthatlons
Inc., 1961.
Chapter 18 contains interesting information about figurate numbers, perfect numbers and amicable
numbers.

Brumfiel, C. F., Eicholz, R. E., and Shanks, M. E_, Fundamer?tal Concepts of Elementary Mathematics. Reading, Massa-
chusetts: Addison-Wesley Co., Inc., 1962. ' ‘
A book in mathematlcs for teachers provides background material for some concepts of geometry and
other concepts of the guide.

Buros, O. K., The Sixth Mental Measurements Yearbook. Highland Park, New Jarsey: Gryphon Press, 1965.
A help with making and interpreting tests.

Cambridge Conference, The, Goals for the Correlation of Elementary Science a Mathematics. Boston: Houghton Mifflin

Co., 1969.
This book for teachers includes the development of relations and functions. The importance of appli-
cation of the equiva]ence relation is emphasized. :

Copeland, Rlchard w. How Children Leam Mathematics, New York: The Macmillan Co., 1970.

Thns book emphasizes how children learn mathematics, rather than techniques of teaching elementary
school mathematics. The role of the teacher is suggested to be that of a skillful interviewer. Illustrations
show the teacher how to use laboratory or manipulative materials which help the child learn mathe-
matical concepts at a concrete operational level.

-
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D’Augusnne Charles H., Multiple Methods of Teaching Mathemaﬂcs in the Elementary School. New York: Harper and Row,
1968.
The book involves prospective teachers in the creation of exercises that can lead children to make -
discoveries of various number patterns and problems to lead to mathematical discovery. Many methods
of presenting and using principles are given.
Davis, Robert B.,Exbbrations in Mathematics. Palo Alto: Addison-Wesley Publishing Co., 1966.
Reference for the teacher. This book is especially helpful in providing activities on functions.

?
/ ipies, Zolton P. and Golding, E. W., Exploration o'fSpace and Practical Measurement. New York: Herder and Herder, 1966.
’ - This book is a teacher’s guide for developing geometry and measurement in the lower grades. Children
y{ are introduced to these topies by means of games of reflections, tuming and measuring by using

arbitrary units and later standard units.

, Geometry of Congruence. New York: Herder and Herder, 1967.
. booklet for teachers describing activities for pupils on reflections, rotations and translations.

, Geometry of Distortion. New York: Herder and Herder, 1967. o
A book for teachers describing activities for pupils on topological equivalence and stretches and'shrink.
age. \

, Groups and Coordihates. New York: Herder and Herder, 1967.
For teachers; describes activities for graphs.

j

- r
¥

Learning Loglc Logical Games. New York: Herder and Herder, 1966. ' i

This book gives the teacher, through narrative diagrams, directions for pupil activities with attribute

blocks.

, Sets, Numbers, and Powers. New York: Herder and Herder, 1966. .
A reference for the teacher; this booklet contains activities leading to an understandiné of sets and
numbers. ,! ‘

Duncan, Ernest G. and Quast, W. G., Modern School Mathematics Workbook for Elementary Teachers. Bostcln Houghtén '
Mifflin, 1968.
Provides a thorough treatise of mathematics needed by the elementary teacher througf\ explanat_iorl,
questioning and ggill.

Ebel, R, L. Measurmg Educational Achievement. Englewood Cllffs New Jersey: Prentjce-Hall, 1965.
- A help with making and interpreting tests.

Elementary Science Study, Educational Development Center, Attribute Games and Problems. St. Louis: Webster Division,
McGraw-Hill Co., 1968. '
o A variety of matenals with teacher’s guxde for developing skills in problem solving, especially developing
skills in classifying and setting up relationships between the classes.
Fitzgerald, William, et. al., Laboratory Manual for Elementary Mathematics. Boston: Prindle, Weber and Schmidt Inc., 1970.
An excellent reference for the teacher; this manual establishes a discovery approach for elementary

A teachers to find solutions to problems using many mathematical manipulative materials.

Ford Motor Company History of Measurenient . Dearbom Mich.: Research Division.
This booklet gives histarical development of measurement.

-

General Motors, Precision — A Measure of Progress. Detroit, Michigan: General Motors Corporation, 1952,
This Booklet gives historical development of precision of measurement. -
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Glennon, Vmoent J., and Callahan, Leroy G., Guide to Current Research, Elemen(‘ary School Marhemancs Washmgton
' Association for Supervmon and Curriculum Development NEA, 1968. .
Gives the teacher a ready reference to rmuch pertinent to the field of mathemancs as applied to
elementary schools.

Grossnickle, Foster E., Brueckner, Leo J. and Reckzeh, John, Discovering Meanings in Elementary School Mathematics. Fifth
edition. New YorkLHolt Rinehart and Winston, Inc., 1968.
lllustrates how thé basic principles of leaming are applied in presenting a given topic. Gmt‘,stréss oh
structure as the dominant theme in elementary mathematics.

Hasford, Philip L., 4lgebra for Elementary Teachers. New York: Harcourt, Brace and World, Inc., 1968.
This book helps the elementary teacher understand operations in algebraic terminology.

Heinke, Clarence, Fundamental Concep!ts of Elementary Mathematics. Encim; Cal.: Diékinsbn Publishing Co., Inc., 1970.
The chapter entitled “Algorithms of Elementary Arithmetic” has helpful suggestions on computation.

Hoghen, Lancelot, The Wonderful World ofMdthemétics. Garden City, N, Y<: Doubleday, §955.
The.development of mathematics-through the ages is deSsribed in story and pictures.
' ' v .

‘Hartung, Maurice L., and Walch, Ray, Geometry for Elementary Teachers. Glenview, Illinois: Scott, Foresman and Co., 1970.
A book for teachers which explains certain geometric relations; the basic constructions; and reﬂecuons
rotations, translations and stretches.

Home', Sylvia, Leaming About Measurement. Chicago: Lyons and Carnahan, 1968.
A book of student actjvities in measurement,

Huff, Darrell, How to Lie with Statistics. New York: W. W. Norton-and Co., Inc., 1954,
This book could be used as interesting reference material for the teaf:he"r.

Johnson, Donovan A, Glenn, William H. and Norton, M. Scott, Exploring Mathematics on ¥our Own. St. Louis, Missouri:
Webster Publishing C() 1960. .
These 18 boaoklets are readable sources for teachers. There are directions for numerous activities which
iltustrate specified relations. The booklets may be purchased separately. Some of the titles are Topology
- The Rubber Sheet Geometry, The World of Measuremeént, Curves in Space, Pythagorean Theorem,
‘Geometric Constructions, Probability and Chance, The World of Sratistics.

Johnson, I)onnvan A. and Rising, Gerald R., Guidelines for Teaching Mathematics. Bclmont Cal.: Wadsworth Publishing Co.,
Inc., 1967.
The chapter “Developing Computational Skills,” s suggestions for overcomm&dlfﬁcumes in eomputa-
tion, and the chapter, “Evaluation of Achievement,” has suggestions on various types of evaluation.
Other chapters deal with hasic techniques and materials. An excellent sourcebook for the teachers.

Kennedy, Leonard M., Models for Mathematics m the Elementary School. Belmont, Cal.: Wadsworth Publishing Co., Inc
1967. B
This book has descriptions of many aids to make and use in teaching different topics in elementary
mathematics. »
Linn, Charles F., Puzzles, Partt’wrmc from the World of Mathematics, Garden City, N.Y.: Doubleday, 1969,
Puzzles apd m ical games, both ancient agd modern, to test the skill of the reader and to
stimulate hirn to invent similar ones.

Mann, William e¢t. al., Measures, Columbus, Ohio: Charles E. Merrill Publishing Co., 1968.
This booklet is one of the Independent [.earning Series. It includes historical development in measure-
ment and exercises for pupils.
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Marks, John L., Purdy, Richard and Klnney Lucien B., Teaching Elementary-School Mathematfics for Undersrandmg Second
Edition. New York: Mcraw-Hill Book Co., 1965. : ~
Chapt rgix has some suggestions for techmques for fixing skills.
f
Merton, Elda L., and May, Lola June, Marhematrics Background for the Pn\lary Teacher. Wilmette, Ill John Colburn

Associates, Inc., 1966. -
Aot . A reference for teachers of K-3. The presentation is in theqform of charts with explananons ofelghteen
topics taught at the primary level. .

Mueller, Francis J., Anthmetic, tts Structure and Concepts. Second Edition. Englewood Cliffs, N. J.: Prentice Hall Inc., 1964.
Chapters two and three have ex&ensive discussions of direct operations and inverse operations.

. , ( _ '
National Aeronautics and Space Administration and U. S. Office of Education, What's Up There, Teachers’ Editien. Washing-
ton, D. C.- U S. Govemment Printing Office, 1964.
A source book in space oriented mathematics for grades five through eight.

/ - : <
National Council of Teathers of Mathematics, 1201 Sixteenth Street, NW, Washington, D. C., 20036 -

Aids for Evaluators of Mathematics Textbooks, 1965. .
A set of criteria to aid elementary and secondary teachers in selecting textbooks;, pamphlet.

Boxes, Squares, and Other Things: A Teacher’s Guide for a Unit in Informal Geomerry.
Experiences for pupils in visualizing objects and in the concepts of transformations and symmetry.

Evaluation in Mathematics. Twenty sixth Yearbook, 1961.
A discussion of and suggestions for evaluation of instruction.

Enrichment Mathematics. Twenty seventh Yearbook, Second Edition, 1963.
Very brief discussion of topics pcrtlnent to elementary school including rationale and appropriate
activities.

Experiences in Mathematical Ideas, Vol. 1, 1970.

Designed 1o help teachers stimulate slow learners in grades 5-8. This project combines a text for teacher
use with laboratory oriented package including loose-leat materials to be duplicated for student work-
sheets.

Formulas, Graphs, and Patterns: Experiences in Mathematical Discovery, 1, 1966, »
Describes activities for pupils; pamphlet.

Geometry.: FExperiences in Mathematical Discovery, 4, 1966.
Describes activities for pupils; pamphlet.

Growth of Mathematical Ideas, Grades'K-12, Twenty-fourth Yearbook, 1959, )
A general survey of mathematics curriculum including sections on **Ratio-like Numbers,”” “‘Fractions as
Ordered Pairf of Numbers™ and “*Laniguage and Symbols.”

Instruction in Arithmetic. Twenty-fifth Yearbook, 1961.

g

Includes suggestions on computation. Provides background for teaching any modern clementary school | -

mathematics program.

Marhemarzcs Library - Elementary and Junior High School, 1968
An annotated bibliography ot enrichment books for grades K-9, classified by grade level,

More Topics in Mathematics for Elementary School Teachers. Thritieth Yearbook, 1969.
This book provides background information for teachers on the key principles of mathematics.
» . T

Paper Folding for the Mathematics Class, 1957. s
Directions for pa;;cr folding activities which illustrate selected geometric relations,

[
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Aruitoxt provided by Eic:

{ ~ ( . .
N .

Readings in Geometry from "“The Arithmetic Teacher,” 1970.
A booklet of articles containing suggestions for classroom activities. . Sy

Toples in Mathematics for Elementary School Teachers. Twenty-riinth Yearbook, 1964.

Gives the key principles for an understanding of the major topics. One chapter on the rational number

systemy/deals with various interpretations of rational numbers as well as the numeral forms-- fractional,

*~decimal and mixed numerals - used to represent rational numbers. A chapter on sets includes basic ideas
on relations. One chapter gives a thorough discussion of number systems for whole numbers and rational
numbers. .

Nuffield Mathematics Project, Teachers’ Guides: (ompumlmn amed Structure, Graphs I eading to Algebra and Shape and Size.
New York: John Wiley and Sons, Inc. : !
The teachers’ guides are for elementary mathematics activities designed to encourage children to discover
mathematical processes for themselves. The material is written in three main streams stated above. Each
stream is written in a number of booklets in the stages of development of children.

Overman, James Robert, The Teaching of Mathematics. Chicage: Lyons and Carnahan, 1961 .
’ Chapters 8-15 give suggestions on teaching addition, subtraction, fractions and denominate numbers.
Papy. Frederique, Graphs and the Child, Montreal: Algonquin Publishing Co., 1970.
,\A description of a series'of ten lessons on graphs for six-year-olds helps the mathematical notion of relation to emerge.
A description of a series of ten lessons on graphs for six ycar -olds hclﬂs the mathematical notionof

. relation to emerge. . - ’

Pe terson, John A. and Hashisaki, Joseph, Theory of Arithmegic. New York: John Wiley and Sons, 1967,

Rational numbers are treated in terms of several interpretations, including both the fractions and
rate-pair interpretations, which are appropriate to the elementary school curriculum.

Phulhips, Jo Moand Zwoyer, R ¥ Morion Geometry, Book 1: Slides, Flips, and Tyrns. New York: Harper and Row, 1969,
A pupil workbook about translations, retlections and rotations, teacher’s edition, containing helpful
notes, available. For students in the upper grades.

Riedesel, €. Alan, Guiding Discovery in Elementary School Mathematics. New York: Appleton-Century Crofts, 1967.
This book provides prospective and inservice elementary school teachers with illustrative situations that
make use of modern mathematical content and ideas to develop a guided dnw\?ery approach. to teaching
mathematics in the elementary school.

s

Sanders, N M. (Im\mmn Questions: What Kinds? New York: Harper and Row 1966.

A help with making and interpreting tests. g

School Mathematics Study Group, A, C. Vroman, Inc., 2085 I Foothill Boulevard, Pasadena, California, 91109~ Y

Fuactors and Prinies, 1965, ‘ ,
A book written for high school students; a good reterence for the elementary school teacher. A.teacher's
commentary is available. :

Mathematics for the Elementary School, 1962,
This book for elementary school mathematics includes student exercises in measurement.

Mathematics for Junior High School, Volume 1, Parts 1-2; Volume 11, Parts 1-2, 1961.
This book for jamor high schodls inchides student exercises in measurement.

Introduction & Probability, Fart 1, Basic Concepts, 1967,
This is excellent matertal that is appropriate tor elassioom use in grades 1-8.

Introduction to Probabiive, Fart 2, Speaial Topics, 1967 .
This is excellent matenal approprate for use m the classroom i the upper elementary grades.

% | .
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Probability for Primary Grades.
f This booklet is for student use. A teacher’s commentary and a set of spmners for the classroom are
available.

" Probability fo‘lrd\‘)nnediate Grades.

ooklet is for student use. A teacher’s commentary and a set of spinners for the classroom are
available.

-

Secondary School Mathemanes 1970
This material is nongraded for low achievers in mathematlcs in junior high school.

Starr, John U The Teachmg of Mathematics in the EIementary Schools. Scranton, Penn.: International Textbook Co., 1969.
Thls book emphasizes why and how various mathematical principles and concepts operate, and provides
teachers with proven and class-tested techniques to help implement learning concepts. -

Swain, Robert L., Undersian;iing Arithmetic. Revised by Eugene D. Nichols. New York: Holt, Rinehart and Winston, Inc.,
1965. ) ,
' Two chapters give suggestiornis on computations with directed numbers and the complement method of
subtraction. One chapter on number theory includes a discussion on divisibilitjy

Thorndike, R. L. and Hagen, Elizabeth, Measurement and Evaluation in Psychology and Education. New York: John Wiley
(Second Edition), 1961.
‘A help with making and interpreting tests. ’
Torrance, E. Paul and Myers, R. E., Creative Learning and Teaching. Chapters 7, 8. New York: Dodd, Mead, 1970.
A help with making and interpreting tests.
Turner, Ethel M., Teaehing Alids for Elementary Mathematics. New York: Holt, Rinehart and Winston, Inc., 1966.
* This is a source book for teachers, including many actxvitles for students. The activities using coordinates
are useful. )
L .
Van Engen, Henry, et. al., Foundations of Elementary SehooIAn'thmetie:“Chicago: Scott Foresman and Co., 1965.
An excellent reference with proper balance betweén a precise formulation of mathematical concepts and
an informal presentation of the content. In the chapter on relations, the study of ordered number pairs
is begun in the context of rate pairs. In a later chapter the study of ordered number pairs is continued in
the context of fractions. A set of equivalent fractions is called a rational number of arithmetic, The
various numeral forms are treated under computation involving rational numbers. .
Wilhelms, Fred T., Evaluation as Feedback and Guide. Washington: Association for Supervision and Curriculum Develop-
ment, NEA, 1967.
Stresses the idea that the feedback from evaluation controls the next steps and should be based on the
objectives.
Wisner, Robert, 4 Panorama of Number. Glenview, Ill.: Scott Foresman and Co., 1965.
The author has employed a unique writing style which is interesting. Many interesting observations are
made concerning prime numbers.
U. S. Department of Health, Education and Welfare. EIementary Arithmetic and Learning Aids. Washington, D. C.: U. S.
Government Printing Ofﬁce 1965,
This book has descnptions of aids to make and use in elementary mathematics.
1
. 112
) &

Y



‘

INSTRUCTIONAE AIDS

~J

N

Bags, plastic-assorted sizes
Beads to string
Boxes, assorted sizes
Cards, assorted colors
Cards, decks of Old Maid, Rook, etc.
. Chalk, assorted colors
~ Coins, real or play
* Clocks, play
Clothes pins
Tompasses
Construction paper, assorted colors
Counters (bottle caps, cardboard discs)
] Crzyons
Cubes; assorted colors
Dowel rods
Egg cartons I
Elastic thread, assorted colors
 Flannel board and flannel cutouts
Geoboard .
Graph paper - .
bulletin board size
individual size_
Logic blocks
Macaroni shells
Maps
Meter sticks
Mirror cards
Multibase blocks
Nails, one size -
Number lines
walk-on (first grade)
ég@ chalkboard size
individual size
whole numbers —
fractions
integers
Objects
small, for sets
different colored

+

—

Iy
.

Overhead projector
4 transparéncy paper
Paper clips
Paper cups '
Paper roll ’
Paper, squared
assorted sizes
Pegboard and pegs
Place value charts
Polyhedra models, regular
made of cardboard or plastic
~ Ribbon, assorted colors »
Rubber bands, assorted sizes
Rulers, foot ‘
unmarked
marked in inches
marked in fractional parts of inches
Sampling box
Sampling ladle
Scales
Scissors
Spinners

Sen

two-colored

more than two colored
Sticks for bundling
String
Thermometers

Fahrenheit

Centigrade (Celsius)
Three-dimensional shapes with flat surfaces
Two-dimensional shapes for “tiling’’
Spoons, plastic
Sugar cubes
Tape measures, including steel tapes
Tea '
Washers or counting rings of one size
Yardsticks
Yarn, knitting, assorted colors.

113 124

/

e

st



GLOSSARY FOR TEACHERS

B
1?5




GLOSSARY FOR TEACHERS

The purpose of the giossary is for clarification of terms for the teacher and is not to be used-for pupils. Each teacher should
have a reputable student mathematics dictionary for use by the pupils.

»

ABSCISSA If the ordered pair of numbers (a,b) are the coordinates of a point of a graph, the number g is the abscissa.
ABSOLUTE ERROR One-half the smallest marked interval on the scale being used.

ABSOLUTE VALUE The absolute value of the real number a is denoted by |a [Ifa >0 then J|a | = g andif
a <0, |a| = “a. On the number hne{ absolute value is the distance of a point from zero.

ACCURACY The accuracy of a measurement depends upon the relative error. It is directly related to the number of
significant digits in the measured quantity.

The symbol fok.the ldentlty is usually 0; in the complex numbers it is O + 07, and in some systems bears no resemblance to

ADDITIVE IDEITY The number / in any set of numbers that has the follov»}ing property: I +a =a for all a in the set.
zero.

‘

ADDITIVE INVERSE For any given number a in a set of numbers the inverse, usually designated by (-a) is that number
which when added to a will give the additive identity. -

4

ALGEBRAIC EXPRESSION An algebraic expression may be a single numeral or a single variable; or it may consist of
combinations of numbers and variables, together with symbols of operation and symbols of grouping.

ALGORITHM (ALSO ALGORISM) Any pattern of computational procedure.

AMPLITUDE The amplitude of a trigonometric function is the greatest absolute value of the second coordinates of that
function. For a complex number represented by polar cootdinates the amplitude is the angle which is the second member of
the pair. ,

ANGLE ~ The set of all points on two rays which have the same end-pomt The end-point is called the vertex of the angle,
and the two rays are called the sides of the angle.

ANGULAR VELOCITY The amount of rotation per unit of time.
APPROXIMATE MEASURE Any measure not found by counting.

APPROXIMATION The method of finding any desired decimal representation of a number by placing it within succes-
sively smaller thtervals. '

ARC If A and B are two points of a circle with P as center, the arc AB is the set of points in the interior of L APB on
the circle and on the angle. :

AREA OF A SURFACE Area measures the amount of surface. .

ARGAND DIAGRAM  Two perpendlcular axes, one which represents the real numbers, the other the imaginary numbers
thus giving a frame of reference for graphing the complex numbers. These axes are called the real axis and the imaginary axis.

ARITHMETIC MEANS  «The terms that should appear between two given terms so that all the terms will be an arithmetic °
sequence. ’ .

ARITHMETIC SEQUENCE (ALSO PROGRESSION) A sequence of numbers in which there is a common difference
between any two successive numbers, ‘

ARITHMETIC SERIES The indicated sum of an arithmetic sequence.

o

ARRAY - A rectangular arrangement of elements in rows and columns.

~



ASSOCIATIVE PROPERTY A basic- mathematical concept that theé order in which certain types of operations are

perfarmed does ndt affect the result. The laws of addition and multiplication are stated as (a + b) + c=a+ ( +c) and
(aXb)Xc—aX(ch) "

ASYMMETRIC Having no point, line or plane of symmetfy.
AVERAGE A measure of central tendenc"y. See mean, median and mode.

AXIS OF SYMMETRY A line is called an axis of symmetry for a curve if it sepdrates the curve into two portions 30 that
every point of one portion is a mirror image in the line of a corresponding point in the other portion.

BASE The. first collection in a number series which is used as a special kind of one. It 1s used in combination with the
smaller numbers to form the next number in the series. In the decimal system of numeration, eleven, which is one more than
the base of ten, literally means ten and one. Twenty means two tens or two of the base. In an expression such as 7, the
quantity a is called the base and n the exponent.

)

BASE OF A NUMERATION SYSTEM The base of a numeration system is the number of units in a given digits place
which must be taken to denote one in the next higher place. . ——

BASE TEN A system of numeration or a place-value arithmetic using the value of ten as its base value.

BASIC FACTS The name given to any operational table in a base of place-value arithmetic, as, basic addition tables,
subtraction tables, multiplication tables, division tables, power tables, logarithmic tables. Basic addition facts include all
addition facts in which neither of the addends exceeds 9. Basic subtraction facts include all the subtractions facts which
correspond to all basic addition facts. The products formed by ordered pairs composed of the numbers 6 through 9 are
called basic multiplication facts. Basic division facts include all the division facts which correspond to the basic multiplication
facts except fora X b = ¢ where b #0.

BETWEENNESS B is between A and Cif A, B and C are distinct points on the same line and AB + BC = AC.

BIAS When the method of selecting samples does not satisfy the condition that every possible sample that can be { rawn
has an equal chance of being selected, the sampling protess is said to.be biased.

BINARY OPERATION An operation involving two numbers such as addltlon snmlarly, a unary operation involves orly
one numbenas “the square of.”

BINARY ERATION SYSTEM A system of notation with base two. It requires only two symbols, ‘0 and 1.

BOUNDED A point set S is ‘bounded if and only if there is a circle (or sphere in 3-space) such that S lies entirely i in the
_interior of that c1rcle (sphere).

CARDINAL NUMBER If two sets can be ;;ut in one-to-one cbrrespondence with each other, they are said to have the
same cardinal number. A whole number which answers the question of how many in a given ﬁmte set is called the cardinal
number of a set.

CARTESIAN COORDINATES In a plane, the elements of ordered pairs which are distances from two intersecting lines.
The distances from one line is measured along a parallel to the other line.

CARTESIAN PRODUCT The Cartesian product of two setsA and B, written 4 XB and read “4 cross B” is the set of all
ordered pairs (x, y) such that x €4 andy €B.

CELL - The union of a simple closed surface and its interior.
CENTRAL TENDENCY A measure of the trend of occurrences of an event.
CHEQK To verify the correctness of an answer or solution. It is not to be confused wit}t prove.

CIRCLE The set of points in a given plane each of which is at a given distance from a given pomt of the plane. The given
point is called the center, and the given distance is called the radius. . TR 7, .

'
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ClRCULAR FUNCTION A function which associates a umque poist w1th each arc of a unit circle (as measured from a
fixed point of the circle). The sine function associates with the measure of an arc the ordinate of its companion point and the
cosine the abscissa of the point.

o

CIRCUMFERENCE  The length of the closed curved line which is the circle.

CLOSED CURVE (SIMPLE) . A path which starts at one point and comes back to this point without intersecting itself
represents a simple closed curve. ‘ ‘ "

CLOSURE, PROPERTY oF ' A set i said, to have the property of closufe for any given operation if the result of
performing the operation on any two membe[s of the set is a number which is also a mémber of the set. ‘

COLLECTION Elements or objects united from the viewpoint of a certain common property; as collection of pictures,
collection of stamps, numbers, lines, persons, ideas. .

’
w0

COMBINATION A combination of a set of objects is any subset of the given set, All possible combinations of the letters
a,band c are a, b, c, ab, ac, bc, abc.

COMMUTATIVE PROPERTY A basic mathemt:t\i;al/(ncept that the order in which certain types of operations are
performed does not affect the result. Addmon is commufative, for example, 2 + 4 = 4 + 2. Multiplication is commutative, for
example,2 X4=4 X2,

COMPASS (OR COMPASSESY A tool used to construct arcs a;m'des.
1 - .
COMPLEX FRACTION A fraction that has one or more fractions in its numerator or denominator.

COMFLEX NUMBER Any number of the forma + bi whersa and b are real numbers and i% =-1.
COMPOSITE NUMBER "A counting number which iiii@\lby a smaller counting number different from 1.

CONGRUENT Two configurations which are such that when superimposed any point of either one lies on' the other.
Two figures having the same size and shape. -’

CONJUGATE COMPLEX NUMBERS The conjugate of the complex number a + bi is tife complex number a -sly

CONJUNCTION ' A statement consnstmg of two statements connected by the word and. An exampleis x + y =7
andx - y = 3. Tbhe solution set for a conjunction i the intersection of the solution sets of the separate statements.

CONDITIONAL EQUATION An equation that is true for only certain values of the variable, for example,x + 3 =7.
CONIC, CONIC SECTION The curvesavhich can be obtained as plane sections of a right circ_ular cone. .
CONSISTENT SYSTEM A system whose solution sét contains at least one member.

CONSTANT A pa;ticular member of a specified ;et. :

COORDINATE PLANE - A plane whose points are named by ordered pairs of numbers which measure the distances from
two intersecting lines. Each distance is measured from one line along a parallel to the other linp.

COTERMINAL ANGLES Two angles which have the same initial and terminal sides but whose measures in degrees
differ by 360 or a multiple of 360. . . N

CQUNTABLE In set theory, an infinite set is countable if it can be put into one-to-one tofrespondence with the natural
numbers. ) ) N

COUNTING NUMBERS The counting numbers are 1,2, 3,4, ...

CONVERGENT SEQUENCE A séquenpe that has a limit.’ _ :

DECIMALEXPANSION A digit for every 3ecimal place. N

[ ) ) ‘
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DEC[MAL FRACTION ... A decimal fraction rs a fraction in which the denominator is a power of ten. The fractions 3 i

125 etc. ‘are decimal fracuom but 2 is not
100 ° 1000 °

DEDUCTIVE REASONING ' ‘The process of using - prevrously assumed or known statements to make an argument for

ncw statcments
.t

DEGREE -In angular measure, ‘a standard unit that is ‘6‘6 of the measure of a right angle. In arc measure, one of the 360
equal parts of a circle. . :

DEGREE OF A POLYNOMIAL “The general polynomial ax"+a;x"F+. . +a _x'+a"issaid to be of degree n if
a,#0. , o . . .

DENOMINATOR ' The lower term in a fraction. It names the num er of equal parts into which a number is to be
divided. N ' Co o ' '

»

DEPENDENT LINEAR EQUATIONS Equations that have the samre solution'set. ..

v

DEVIATION’ The dltlerencc‘between the particular number and the average of the set of npumbers under consideration is
the deviation. ‘ : , : ‘ :

W

DIFFERENCE The an'swer or resurtcf a subtraction. Thus, 8 - 5 is referred to as a difference, not as a rémainder.
1

DIGIT Any one of the ten symbols used in our numeration system ~-0,1,2,3,4,5,6, 7, 8,9 (from the
Latin, “dlg:tus " or “finger’"). . _ ‘ .

DIHEDRAL ANGLE The set of all points of a line and two non-coplanar half-planes having the given line as a common
edge The line is called the edge of the dihedral angle. The side or face consists of the edge and either. half plane

DIRECT VARIATION The number y varies directly as the number x if y = kx where k is a constant. K
DISC The union of a simple closed curve in a plane and its interior, *
Dl’SCRIMlNAZT The discriminant of a quadratlc equauon ax? +bx+c= 0§ the number b2 4ac.

‘DISJUNCTIO A statement conslstlng of two statements connected by or, for example, x +y = 7 or x- }’ = 3.The
solution setof drsjuncuon is the union of the solution sets of the separate statements.

DISTRIBUTIVE PROPERTY "Links addmgp and multrphcatlon Examples of drstnbutlveoproperty are as follows.

3X14=3(10+4)=(3X +(3X4) 30 + 12 = 42. N
4x3l_'=4(3+iz)=(4X- +(4X—‘)-12+2
a(b+c)'ab+ac '

DIVERGENT SEQUENCE A sequkne that s not convérgent. A = - o
DIVlSlBLE An mteger a is divisible by an integer b if and only if there is-some mtegcr c s(uch that b X ¢ = a.

DIVISION The inverse of multrplwatlon The frocess of ﬁndmg how many tlmes one‘quantlty or number is contained in

another. For any real numbers a and b, b # 0, a + b mears a multlplred by the’ ,mcrprocal of b. Also, a + b =
¢, if and only if-a = b , .

DOMAIN OF A VARIABLE The set of all values of a variable is sometimes called its domain.

DUODECIMAL NUMERATION SYSTEM A system of notation with base twelve. It requires twelve symbols — 0, I, 2,
3'4'5'6'7'8'9'T'E‘ ‘ B '. . . N

ELEMENTS  In mathematics the individual objects included in a set.
EMPTY SET The set which has no elements. The symbol for- this set is ¢ or{}.
END POINT The point on.a line from which a ray éxtends is c‘alled.the end point of the ray.

. 18

12g"




EQUALITY The relat.ion is equal to denoted-by the symbol “ ="
EQUATION' A sentence (usually expressed in symbols) in which the verb is “is eqﬁal to.”
" EQUIVALENT EQUATIONS Equations that have the same solution set.

EQUIVALENCE RELATION Any relation which is reflexive, symmetric and transitive, for example, reflexive: a = a;
symmetric: if = b thenb=a anc( transitive: if a =b and"d S ¢, thana = c.

EQUIVALENT FRACTIONS Two fractions which represent the same ‘rlumbeg, | . .
EQUILATERAL TRIANGLE A triangle whose sides have ‘equal length.

~ ESTIMATE | A quick and frequently mental operation to ascertain theapproximate value of an involved operatior{.
EVEN NUMBER _  An integer that is divisible by 2. All even numbers can be written in the form 2n, where n is an integer.

EXPANDED EXPONENTIAL FORM  The expanded exponential form of a numeral is the form in which the additive,
multiplicative and ‘place value properties of a numeration system are explicitly indicated. The value of each place is written in
exponential form, for example, 365 = 3(102) + 6(10") + 5(10°)

EXPONENT In the expressionon 4" the number 7 is called an exponent. If n is a positive integer it indicates how many

times 4 is used as a factor.
a" =a XaX.. X
n factors

Under other conditions exponents can include zer6 negative integers, rational and irrational numbers.
EXPONENTIAL EQUATION . An equation in which the independent variable appears as an exponent.
EXPONENTIAL FUNCTION A funcnon defined by the exponentlal equation y = a* wherea > 0

EXTRANEOUS ROOTS Those roots in the solution set of a derived equation which-are nét members of the solution set
of the original equation. f . '

EXTRAPOLATING ’ Estimating the value of a function greater than or less than the known values; making inferences
from data beyond the point strictly justified by the data.

v ) . '
FACTOR The integer m is a factor of the integer n if m X' q = n where q is an integer. The polynomial R
(x).is a factor of the polynomial P (x) if R ). X Q (x) =p (x) where Q (x) is a polynomial. Factorization is
the .process of finding the factors

FACTORIAL ‘The expression “n/” is read  factorial. n! = n(n-1)(n-2)...2 X 1.

FIGURATE NUMBERS Figurate numbers include the numbers more commonly referred to as square numbers, tri-
angular numbers, etc.

FINITE SET - In set theory, a set which is not'infinite.
FRACTION A symbol % where a and b are numbers, with b not zero.

FREQUENCY =~ A collection of data is generally organized into several categories accoxdmg to specified intervals or
subcollectons. A frequency is the number of scares or measures in a pamcular category.

FREQUENCY, CUMULATIVE The sum of frequepcies preceding and including the frequency of measures in a par-
ticular category is the cumulative frequency,

FREQUENCY DISTRIBUTION A tabulation of the frequencies of scores or measures in each of the categories of data. -

FUNCTION A relation in which no two of the ordered pairs have the same first member. Also, alternately, a
function consists of (1) a set A called the domain, (2) a set B called the range, (3) a table, rule, formula or
graph which associated each member. of 4 thh exactly one member of B.

e
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FUNDAMENTAL THEOREM OF- ARITHMETIC Any positive integer greaterthan one may be factored into primes in
.essentially one way. The order of the primes may differ but the same primes will be present. Alternately, any iriteger except
zero can be expressed a3 a unit times a product of its positive primes.

FUNDAMENTAL THEOREM OF FRACTIONS  If the numerator and denominator are both multiplied (or divided) by
the same non-zero number, the result is another name for the fraction.

4 .
GEOMETRIC MEANS The terms that should appear between two given terms so that all of the terms will form a
geometric sequence. '

GEOMETRIC SEQUENCE A sequence in which the ratio of any term to its predecessor is the same for all terms.
GEOMETRIC SERIES  ° The indicated sum of a geometric seqince.

)

GRAPH A pictorial representation of a set of points associated with a relation which involves one or more variables.

GREATEST INTEGER ‘FUNCTION Is defined by the rule f{x) is the greatest integer not greater than x. It is usually
denoted by the equation f (x) = [x] .

GREATEST LOWER BOUND A lower bound 4 of a set S of real numbers is the greatest lower bound of S if no lower
bound of § is greater than a. .

HARMONIC MEAN A number whose reciprocal is the arithmetic mean bétween the reciprocals of two given numbers.
HEMISPHERE If a sphere is divided into two parts by a plane through its center, each half is called a hemisphere.

HlSTQGRAM A bar graph representing' a frequency distribution. The base of each of the contiguous rectangular bars is
the range of measures within a particular category, and the height of each of the bars is the frequency of measures in the same
category. :

iDEN’I‘lTY, IDENTICAL EQUATION A statement of equality, usually denoted by = which is true for all values of the
variables. The values of the variable which have no meaning are excluded, for example, (x + PP =Ext+ 2y +y?

INCONSISTENT SYSTEM OF EQUATIONS A system whose solution set is the empty set.

INDEPENDENT EVENTS Two évents are said to be independent if the occurrence of one does not affect the pro-
bability of occurrence of the other. : \ ,

INDEPENDENT SYSTEM OF EQUATIONS A system of equations that are not dependent.

INDEX The number used with a radical sign to indicate the root. (/ In this example the index is three.) If no number is
used, the index is two. ' ’ "

INDUCTIVE REASON'iNG The process of drawing a conclusion by observing what happens in a number of particular .
cases. . .

INEQUALITY The relation in which, thé'verb is one of the followingi- is not equal to, is greater than or is less than, 7
denoted by the symbols # >, <; respectively.

INFINITE DECIMAL (Also non-terminating) A decimal representation that has an unending string of digits to the right
of the decimal point. o

INFINI'I"E REPEATING DECIMAL A decimal representation containing a finite block of digits which repeats endlessly. ‘
INFINITE SET In set theory, a set which can be placed in one-to-one correspondence with a proper subset of itself.
INTEGER Any one of the set of numbers which cénsists of the natural numbers, their opposites and zero.

INTERCEPT If the points whose coordinates are (4,0) and (0,b) are point§ on the graph-of an equation, they are called
intercepts. The point whosé coordinates are (4,0) is the x-intercept, and the point whose coordinates are (0,b) is the
y-intercept. ’ .

120
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INTERPOLATION The process of estimatir;g a value of afunction between two known values other than by the rule ofl‘ .
the table of the function. ' oo )

-

INTERSECTING LINES Two or more lines that pass through a single point in space.

INTERSECTION OF SETS If A and B are sets, the intersection of 4 and B, denoted by 4 N B, is the set of all qlefnents
which are members of both 4 and B. ' : .

. INVERSE OF AN OPERATION That operation which, when performed after a given operation, annuls¥the given
operation. Subtraction of a quantity is the inverse of addition of that quantity. Addition is likewise the inverse of sub-
traction. - '

4]
INVERSE FUNCTION * If fis a given function then its inverge is the function (provided f is one-to-one) formed by
interchanging the range with domain. The symbol for inverse of f is /! :
INVERSE VARIATION The number y is said to vary inversely as the number x if x Xy = k where k is a constant.

IRRATIONAL EQUATION An equation containing the variable or varidbles under radical signs 'or with fractional
exponents.

IRRATIONAL NUMBER An irrational number is.not a rational number. That is, it is a number that canhot be expressed
in the form -2 where a and b are integers. The union of the set of rationals and the set of irrationals is the set of real
numbers. ’

. 4
JOINT VARIATION A quantity varies jointly as two other quantities if the first is equal to the product of a constant
and the other two, for example, y varies jointly as x and w if ¥ = kxw. :

LATTICE POINTS An array of points named by oraerie,d pairs.

LEAST COMMON MULTIPLE The least common multiple of two or mofe numbers is the common multiple which isa
factor-of all the other common multiples. ' ) :

LEAST UPPER BOUND An upper bound b of a set § of real numbers is the least upper bound of S if no upper bound of
S is less than b, . ‘

LINEAR EQUATION An equation in-standard form in which the sum of the exponents of the variable in any.term
equals one. ' y

LINEAR MEASURE A measure used to determine length.

LOGARITHM The exponent that satisfies the equation 5 = n is called the logarithm of n to the base b for any given
positive number n. ’

LOWER BOUND A number a is called a lowef bound of set S of real number's ifa < x for everyx € S.

MAGIC SQUARE - A square of numbers possessing the particular property that the sums in each row, column and
diagona} are the same.

MATRIX A rectangular array of numbers.

Example

2 2 2 2 N
a; by ey dy o .
a4 b4 Cdv d4

MEAN In a frequency distribution, the sum of the n measurevs'djvided’tjy n is called the mean.

121
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MEASUREMENT A comparison of the capacity, length, etc., of a thing to be measured with the capacity, length, etc
offan agreed upon unit of measure. Non-standard unrts are used before standard units of measure are introduced.

MEDIAN ~ In a frequency distribution, the measure that is in the middle of the range when elements are ranked from
highest to lowest is called the median. In geometry, a median of a triangle is a lme joining a vertex to the mrdpornt of the
opposite side.

MODE In 8 frequency distribution, the interval in which the largest number of measures fall is called Ihe mode.
Altemately, in a frequency distribution, the measure which appears most frequently in the group is called the mode There
may be more than one mode in a set of measures. .

MODULO ARITHMETIC For a given positive integer n, modulo n is obtained by using the integers 0 .. .n - | and .

_defining addition dnd multiplication by letting the sum ‘of a + b and the product of a b be the remamder after drvrsron by n of

g~ "

»

the ordinary sum and product of a and b. (This is often called clock arrthmetrc )

:

MODULUS A statement of the type x is congruent to y modulus (or modulo) w, wis the modulus of the con‘gruency If
2 is congruent to 9, then the modulus is 7.

"

MULTIPLE Ifaand p are integers such thata =4 Xme cisan integer then a is said to.be a multiple of b.

)

MULTIPLICATION A short method of adding like groups or addends of equal size. It may be illustrated on a number
line by counting forward by equal groups. : . .

MULTIPLICATIVE INVERSE The multiplicative inverse of a non-zero number a is the number b such thata X b= 1.
It is usually designated by _:1_ orat .
MUTUALLY DISJOINT SETS Two sets having no elements in common.

MUTUALLY EXCLUSIVE EVENTS = Evenfs which cannot occur simultaneously. Mutually exclusive subsets are subsets
that are disjoint.

NATURAL NUMBERS Any of the set of counting numbers The set of natural numbers is an 1nf1mte set; it has a
smallest member (1) but ng largest. : ~

‘ _ITIULL SET A set containing no elemerits. It is sometimes called an empty set. The symbol for the null set is ¢0r{}

NUMBER SYSTEM A numbdy system consists of a set of umbers, two operations defined on the set, the properties
belongrng to the set and a definitionXor equivalence between any’two members of the set. .

NUMERATION SYSTEM A coding system for recording numerals: Modern systems of numeration are eharactenzed by
aset of symbols, or digits, 5 place value scheme and a base.

NUMERATOR | ‘The upper termin a fraction.

‘NUMERAL A written symbol for a number, for example, several numerals for the same number are 8, VII[, 7+ 1,10 - 2,
16 ~
2 »

OBTUSE ANGLE If the degree measure of an angle is between 90 and 180, the angle is called an obtuse angle:

ODD NUMBER An odd number is an integer that is not divisible by 2; any number of the form 2n + 1, where n is an
integer. : '

ONE-TO-ONE CORRESPONDENCE A pairing, of the members of a set A with members of a second set B such that each
member of A is paired with exactly one member of:B, and cach member of B is paired with exaetly one member of 4.

OPEN ShNTENCE An open sentence is a sentence involving one or more variables, and the question of whether it is true
cannot be decided until definite values are given to the variables, for example, x + 5=7.
ORDERED N-TUPLE A linear array of numbers (a a,,a,, .., a_) such that a, is the first number, a, is the second
number, a , is the third nymber, ... and a_ is the th number. : '
-~ ’ R ;.r'
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ORDERED PAIR A pair of numbers (a,b) where a is the first member and b is-the.second‘member of the pair.

ORDINAL NUMBER _ A number that denotes order of the members in a set.

ORDINATE ) If an ordered pair of numbers (a,b) are coordmates of apoint P, b is called the ordinate of P.
PARALLEL LlNES Two straight lines in a plane that do not intersect however far extended.
PARALLELOGRAM A quadrilateral whose opposite sides are parallel.

¢ <

PARAMETER An arbitrary constant or a variable in a mathematical.,expression,vwhich disﬁnguishes various specific
cases. : T :

PARTIAL PRODUCT Used in elementary anthmehth regard to the wrllten algorithm of multiplication. Each dlglt
in the multiplier produces ope partial product. The final product is then the sum of the partial products

PARTIAL QUOTIENT In long division, any of the trial quotients that must be added to obtain the cor.nplete quotient.
PERIMETER = The sum of the measures of the sides of a polygon. The mea§ure of the outer bO\ﬁ‘hdary of a polygon.

PERIOD The number of digits set off by a comma in an integer or the ititegral part of @ mixed decimal. In a repeating
decimal the period is the sequence of digits that repeats .

PER]ODIC FUNCTION A function from R to R, where R is the set of real numbers, is called periodic if, and only if, f
(x) is not the same for all x and-there is a real number p such that f (x + p) =f (x) for all x in the domain of f. The smallest
" positive number p.for which this holds is called the period of the function,

PERMUTATION" A permutation is an ordered arrangement of all or part of the members in a set. All possible permuta-
tions of the lettersa b and cfare a, b, c, ab, ac, ba, bc, ca, cb, abc, acb, bac bca cab, cha.

PERPENDICULAR A line is perpgndlcular, to a ray if and only lf the end point of the ray is the only point of
intersection of the two and the two angles formed are congruent.

PLACE VALUE The value of a numeral is dependent upon its position In the number 324, for example, each digit has a
- place vatue 10 times that of the place value of the dlglt to its unmedlafe,nght

_,-"'""-'FLANE ANGLE Through any\é_)olman the edge of a dlhedral angle pass a plane perpendicular to the edge intersecting
-"'each side in a ray. The angle formed by’ theSe rays is called the plane angle of the dihedral angle.

POLAR COORDINATES . An ordered pair used to represent a complex number. The first member of the pair is the
number of units in the radius vector, and the second member is the angle of rotation of the radius vector.

POLYGON A simiple closed curve which is the union of line segments is called a polygon.

POLYHEDRON A solid bounded by plane polygons. The bounding polygons are the faces, the intersections of the faces
are the edges-and the points where three or more edges intersect are the vertices.

POLYNOMIAL An algebraic expression of the form aox" + blx"—l + .. +a,  x+a, sometimes designated by the
symbol P (x). '

POLYNOMIAL EQUATION A statement that P (x)= 0.
POLYNOMIAL FUNCTION A function defined by a polynomial equation or f. x > P(x).

PRECISION The precision of a measurement is inversely related to the absolute error. Thus the smaller the absolute
error, the greater the precision.

PRIME NUMBER A counting number other than one, which is divisible only by itself and one. v
PRISM If a polyhedron has two faces parallel and its other faces in'the form of parallelograms, it is called a prism.

3
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PROBABILITY The numerical measure of the likellhood of an event is called the probablllty of the event. It i is a rational
numberp such that 0 < p <1.

PROPER SUBSET A subset R is a proper subset of a set S if R is a subset of § and R # 8. . ;
PURE IMAGINARY A complex number a + bi in whicha =0 and b # 0.

PYRAMID. A polyhedron, one of whose faces is a polygon of any number of sides and whose other faces are triangles
having a common vertex. .

QUADRANTAL ANGLE .If the tenmnal side of an angle with center at the origin coincides with a coordlnate axis, the
angle is called a quadrantal angle <

=
QUADRILATERAL A polygon formed by the union of 4 line segments.

-

: : \ .
QUINARY SYSTEM OF NUMERATION - A system of notation with the base 5. It requires only five symbols ot digits—
0,1,2,3,4 " .

RADIAN MEASURE Angular measure where the unit is an angle whose arc ona c1rcle with center at Vertex of angle is
equal tn length to the radius of the circle.

"RADIUS Any line segment with endpoint at the center of 'a circle and the other endpoint on the circle is called a radius
of the circle. : ' :

RADIUS VECTOR A line segment with one end fixed at the origin on the cartesian plane and rotating from an inmal
position along the posmve x-axis so that its free end point generates a circle.- o

RANGE (STATISTICS) The range of the set of numbers is the difference between the largest and smallest numbers ina
set. o~ - :
RANGE (OF A FUNCTION) = The set of all elements assigned to the elements of the domain by the rule of the function.

~t

RATE PAIR An ordered pair of counting numbers which expressed a rate relation — e.g., a rate of exchange. In general,
a rate paird , where a aid b are counting numbers, expresses a ratio of the number of elements in one set to the number of
‘elements in a second set. '

' RATIONAL EXPRESSION A rational expression is a quotient of two polynomials. or in symbols P(X) where P(x)and, -
" Q(x) are polynomials.. : T Q) _

{
v

RATIONAL NUMBER If a and b are whole numbers with b not zero, the number represented by the fraction—ba— is . ¢
called a rational number. // '

RATIONAL NUMBERS OF ARITHMETIC In the elementary school, one generally defines 3 set of equivalent fractions
to be a rational number. Alternatively, a rational number is an equivalence class of ordered pairs of integersa and b, b #0.

RAY Let A and B be points on a line. —~Then ray AB is the set which.is the unioh of the segmentA_E and the set of all
points T for which it is true that B is between 4 and C. The point 4 is called the end point of AB.

RECIPROCAL Multiplicative inverse. .
RECIPROCAL FUNCTION Pairs of functions in the set of real numbers whose product is 1, for example, (sin ¢) (csc §)

=1]. v
RECTANGLE A parallelogram with right angles.

REFERENCE TRIANGLE For any angle on the Cartesian plane with vertex at the ofigin, the triangle formed by lhf\
radius vector, its.projection on the x-axis and a line drawn from the end of the radius vector perpendicular to the x-axis is
called the reference triangle.

REFLECTION IN A'LINE A point P has a mirror image P’ in the line A?lfP and AB all lie in the same plane with P
and P’ on opposite sides of AB and if the perpendlcular distances PO and P'O to the pbint O in ABare equal. -

-
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) REFLEXIVE PROPERTY v 1If a is any element of a set and if R is-a rélation on“the set such that aRa for all a, then R is

reﬂexive s
REGION The uniorja simple closed curve and its interior. _ T S ’
RELATED ANGLE or any angle-on the Cartesran plane, the related angle is the—angle in the reference triangle formed

by the radius vec\tor and x-axis, *

RELATION A relation from set A to set B (where A and B may represent the same set) is any set of ordered pairs (a,b)
such that a is a member of 4 and b is a member ofB e

RELATIVE ERROR Ratlo of the absoliite error to the measured value.

RELATIVE FREQUENCY The relative frequency is the frequency of a given category divided by the total humber of |
measures in the category. - - . \ . .

‘ RELATIVELY PRIME - Two lntegers ar¢ relatively prime if they have no common factors other than +1 or - 1;
polynomlals are relatrvely pnme if they have no common factors except constants.

, o
REREA,TING DECIMAL A decimal .numeral which never ends and which repeats a sequence of digits. It is indicated in

this manner — 0,333 ... or 0.142857.
RESOLUTION OF VEC{QBS . . The process of finding the vertical and horizontal cdmponents

RESTRICTED DOMAIN " Domain of a function or relation from which certain numbers are excluded for reasons such as

division by zero is not perm1tted and need for the inverse of a function to be a function. _

RIGHT ANGLE Any of the four angles obtained at the point of lntersectron of two perpendicular lines. The angle made
by two perpendrcular rays. Its measure is 90 degrees .

RIGHT TRIANGLE A trrangle with one right angle.

ROUNDING OFF Replacing drgrts with zero’s to a certain designated place in a number with the last remalnmg digit
being increased or decreased under certain specrﬁed conditions. ' :

SAMPLE SPACE The set of all possible outcomes of an experiment.

J

' SCALAR . ln:physical science, a quantity h"aving magnitude but no direction, In a study of mathematical vector, any real
number. ’ ' : ) : . : .
SCALE A system 6f marks in a given order and at fixed intervals. Scales are used on rulers, thermometers and other
measunng instruments and devlces as an aid'in measuring. quantltles . . -

SCIENTIFIC NOTATION A notation ‘ger_lhe,rally used fot very*large or very small numbers in which each numeral is
. changed to the form a X 10K where a is a real humber containing at most three significant digits such that | <a < 10and k-~
is any integer. » _ . '
" -Example o .
. 6,708,345 = 6.71 X 10° .
000000%gR, = 5.2 X 107° : o C T
SEGMI:N'T For any two points A and B, the set of points consrstmg of A and B and all points between 4 and- B is th¢

line segment determined by 4 and B. The segment is a geometrical figure while the drstance is'a number which tells how far A

is from B. ,

SEQUENCE  An ordered arrangement of numbers,

SERIES The indicated sum of a sequence.
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SET A collection of pamcular things, as a set of numbers between 3 and 5, the set of pomts on the segment ofa line or
within a circle.

SET BUILDER NOTATION To describe the members of a very large or infinite set, it is often helpful to denote the set
and its members as in this example—{x | x €R and 0<x < l},read “The set of all x such that x is a member of the set R of
rational numbers and x is greater than or equal to 0 and less than or equal to 1.”” The symbol device, } x |x }, read “‘the set of
all x such that x...” is called set builder notation.

SIGNIFICANT FIGURE Any digit or any zero in a numeral not used for placement of the decimal point, for example,
.703,000; .0056; 5.00. o o )

SIMILAR Two geometric figures are similar if one can be made congruent to the other by using a transformanon of *
similitude if one is a magmﬁcauon or reduction of the other.

SKEW LINES Two lines which are not coplanar are said to be skew.

V.

A B
SLOPE The slope of a given segment (P,P,) is the number m such that m =2 "Y1 where P, is the ordered pair(x,)y,) 7
and P, is the ordered pair (x, , v,). X2 — X3

SOLID Any simple closed surface; the term is usually used with reference to polyhedra (rectangular solids, pyramids),
cylinders, cones and spheres.

SOLUTION SET The truth set of 4n equation or a system of equations.

SPHERE The set of all points in space each of which is at a given distance from a given point. The given pomt is called
the center of the sphere and the given distance is called the radius.

SQUARE A quadrilateral formed by four line segments of equal length which meet at right angles.
STANDARD DEVIATION The square root of the arithmetic mean of the squares of the deviations from the mean.

STATISTIC An estimate of a parameter obtained from a sample.

~tray

STATISTICS The concepts, measures and techniques yelated to methods of obtaining, organizing and analyzing data is
included in statistics. K ,

SUBSET A set contained within a set; a set whose members are members of another set. The fact that R is a subset of §
is indicated by R C§.

SUBTRACTION To subtract the real number b from the real number g, add the opposite (additive inverse of b toa
a-b=a+(-b). Also,a-b=cifand only ifa=c + b.

4
.

SUCCESSOR The successor of the integer a is the integer a + 1. 5

SUMMATION NOTATION The symbol ?’lf The symbol X, the Greek letter *“‘sigma,” corresponds to tﬁe first-letter.of
the word *“sum” and is used to indicate the surmmnng process. The k and n represent the upper and lower indexes and mdxcate
that the summing begins with the kth term and includes the nth term, for example, o

éak=a2+a3+a4+a5.

When the summation includes infinitely many terms is it written Eak In this case there is no last term 4 because = is not a
number. The symbol =-=xs used to indicate that the surumation is infinite. » —
f
¢
METRIC PROPERTY If a and b are any elements of a set and if R is a relation on the set'such that aRb implies
bRa)then the relation is said to have the symmetric property. , : .

In a phrase which has the form of an indicated sum, 4 + B, 4 and B are called Ier% of the phrase.

] .‘/"w‘”
TERMINATING DECIMAL (Also finite decimal) A decimal representation that containg a f-mité:numberhof i i!s.’ :
TOPOLOGY A branch of mathematics which is the study of properties of point sets which} are preserved. T ,
N ' P
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TRANSITIVE PROPERTY If a, b and c are any elements of a svet and if R“is relation on the set such that «Rb and
bRc imply aRc, then the relation is said to have the transitive property.

TRAPEZOID A quadrilateral with at least two parallel sides.

TRIANGLE " 1, B and C are three non-collinear points in a given plane, the set of all points in the segments having A4,
B, C as their end p.uuts is called a triangle.

UNBOUNDED Not bounded.
UNEQUAL Not equal, symbolized by #.

p | .
UNION OF SETS If A and B are two sets, the union of 4 and B is the set 4 U B contains all the elements and only
those elements that are in 4 or in B, for example, A ={2, 8, 3},5 = {5. 2.7, 6_} then 4 UB ={2,8, 3,5.7, 6}.

UNIQUE One and only one.
UPPER BOUND A number b is called an upper bound of a set S of real numbers if & 2=x Tor every x € 5.

VARIABLE A letter used to denote any one of a given set of numbers. Another name for variable is placeholder in an
equation, for example, x +5 =17,

VECTOR In physical science, a quantity having magnitude and direction. In mathematics a vector is a matrix of one row
or one column as (ay by ¢y) or
ay
a, .
a4,

dg4

VERTEX The point of intersecggpn of two rays.

VOLUME The amount of space occupied by a solid or enclosed within it.
WHOLE NUMBER® *: . The whole numbersare 0,1,2,3,4,... .
i ‘
, A '
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Aruitoxt provided by Eic:

a

wou NN A A W

m

Cﬁ

V. A A ¥V

is ndt equal to

is approximately equal to

is greater than

is not greater than : .
is less than

is not less than

is greater than or equal to
is not greater than or equal to
is less than or equal to

is not less than or equal to
is a subset of

is a proper suhset of

is a superset of

is congruent to

is similar to

is an element of o
is not an element of

universal set

solution set

complement set

SYMBOLS
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AXB

o {1,

A ABC

LABC

“

ab

U

N

v

Cartesian product set of sets
Aand B

\
is interpreted as .% where ¢ 70
a I
is parallel to
is perpendicular to

straight line containing points
Aand B

straight line segment with end
points 4 and B

ray from point A4 through point B
ordered pair 2 and b

(.4 set containing element a

)

frames, place holders or
nonspecified elements

the empty of null set

triangle with vertices 4,8, and C
applies to any polygon

angle with point B as vertex

. {D 10> 5} the set of all [Jin the universal
b

set such that (Jis greater than 5
]

ratigofa to b -

union of two sets

intersection of two sets <



